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abstract: Rates of metabolism and population growth are often
assumed to decrease universally with increasing organism size. Re-
cent observations have shown, however, that maximum population
growth rates among phytoplankton smaller than ∼6 mm in diameter
tend to increase with organism size. Here we bring together obser-
vations and theory to demonstrate that the observed change in slope
is attributable to a trade-off between nutrient uptake and the poten-
tial rate of internal metabolism. Specifically, we apply an established
model of phytoplankton growth to explore a trade-off between the abil-
ity of cells to replenish their internal quota (which increases with size)
and their ability to synthesize new biomass (which decreases with size).
Contrary to the metabolic theory of ecology, these results demonstrate
that rates of resource acquisition (rather than metabolism) provide the
primary physiological constraint on the growth rates of some of the
smallest and most numerically abundant photosynthetic organisms on
Earth.

Keywords: metabolic theory, resource uptake, allometry, power law,
unimodal, monomodal.

Introduction

The maximum growth rate of biological populations (mmax)
is an important determinant of community composition and
ecosystem function. It constrains both the relative success
of species during exponential growth, and the outcome of re-
source competition when mortality rates are high. The met-
abolic theory of ecology proposes that the maximum growth
rate is controlled by the metabolic rate (Brown et al. 2004),
itself limited by fundamental constraints on the distribution

of resources within organisms (West et al. 1997; Banavar et al.
2002). These are argued to be such that temperature-corrected
rates of metabolism and population growth should vary with
cell volume, V, as a simple power-law function of the form
mmax p aVb (i.e., a linear relationship between log(mmax) and
log(V)). The intercept, a, gives the maximum growth rate
at V p 1 mm3, while the exponent, b, describes the slope
of log(mmax) as a function of log(V), with a predicted value
of 20.25 (West et al. 1997). This prediction for the popula-
tion growth rate has been confirmed across a broad range of
organisms, spanning more than 12 orders of magnitude in
body mass (Fenchel 1973; Blueweiss et al. 1978; Peters 1983;
Savage et al. 2004). Mounting empirical evidence suggests,
however, that maximum growth rates deviate from the pre-
dicted monotonic power-law relationship among unicellular
organisms smaller than approximately 10 mm in diameter
(DeLong et al. 2010; Kempes et al. 2012). Among the phy-
toplankton in particular, a number of studies have observed
that maximum population growth rates show a unimodal size
dependence,withapeaksomewhere in the2–20-mm-diameter
size range (Raven 1994; Bec et al. 2008; Chen and Liu 2010;
Finkel et al. 2010; Marañón et al. 2013). An example of this
unimodal size dependence is shown in figure 1.
It is important that we understand these deviations from

the metabolic theory of ecology, because microbial organ-
isms are central to the function of marine communities and
the Earth system. Marine plankton are responsible for ap-
proximately half of global net primary production (Field et al.
1998) and form the foundation of all pelagic ecosystems. In
this capacity, they support essential nutrition to more than
half the world’s population via fisheries (Hollowed et al. 2013)
and play a critical role in maintaining the Earth’s climate at
a habitable level (Hain et al. 2014). Organism size is an im-
portant aspect of these large-scale ecological and biogeochem-
ical processes (Falkowski and Oliver 2007), and a number
of theoretical explanations have been put forward to explain
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the unimodal pattern seen in figure 1. These have focused
variously on nutrient storage capacity (Verdy et al. 2009),
resource distribution within the cell (Wirtz 2011), mortality
(Kempes et al. 2012), exudation (Kriest and Oschlies 2007),
and thermal adaptation (Sal et al. 2015). Empirical support
for these theories has, however, typically come from meta-
analysis of compiled data rather than from direct experimen-
tal tests. It has therefore been difficult to assess the validity
of these competing ideas.

In this article, we use observations derived from a sin-
gle set of experiments (using the same laboratory protocols;
Marañón et al. 2013) to explore the pattern shown in figure 1.
We will apply these observations within a formal mathemat-
ical framework (Burmaster 1979) to show that the observed
unimodal size dependence of mmax is attributable to a size-
dependent trade-off between metabolism and nutrient up-
take (Marañón et al. 2013; Marañón 2015). In this way, we
will present a simple, mechanistic explanation of why phyto-
plankton population growth rates deviate from the metabolic
theory of ecology at very small size.

Phytoplankton Growth Model

We wish to assess the idea that the size dependence of the
maximum population growth rate is dictated by the balance

of nutrient uptake and metabolism (Marañón et al. 2013;
Marañón 2015). We therefore apply a phytoplankton growth
model that considers both these processes (Caperon 1968;
Droop 1968). The model assumes that the per capita pop-
ulation growth rate (m) is set as a hyperbolic function of the
cellular nutrient quota (Q). Following Burmaster (1979) and
consistent with the measurements of Marañón et al. (2013),
we define the cell quota in terms of nitrogen biomass per
cell. Net population growth requires a quota in excess of the
basal cellular nutrient requirement (Qmin) and increases with
increasing Q toward a theoretical maximum metabolic rate,
m∞. This is effectively the maximum possible rate of cell di-
vision assuming an infinite (and unobtainable) internal nutri-
ent reserve (Caperon 1968; Droop 1968):

m p m∞ 12
Qmin

Q

! "
: ð1Þ

The cellular nutrient quota itself is supplied by nutrient
uptake (r) and is diluted as cells divide (mQ). The rate of
change in Q is therefore given by

dQ
dt

p r2 mQ: ð2Þ

Nutrient uptake is typically assumed to be a saturating
(Michaelis-Menten-like) function of environmental nutri-
ent availability. In this study, we are concerned with only
periods of nutrient-saturated growth, and so we assume that
nutrient uptake is equal to the maximum saturated rate
(r p rmax). For the sake of simplicity, we ignore the possi-
bility that nutrient uptake is downregulated as the cell quota
approaches a maximum capacity. While this mechanism can
be important in terms of regulating the size of the nutrient
quota when the maximum uptake rate is large relative to the
growth rate (Grover 1991), we show in appendix B (apps. A,
B are available online) that accounting for the maximum
quota has a negligible impact on the size dependence of the
maximum per capita growth rate (mmax).
We assume that nutrient uptake is balanced by cell di-

vision during nutrient-saturated exponential growth, such
that equation (2) can be rewritten as rmax p mmaxQ. This
equality can then be substituted into equation (1) to ob-
tain an expression for the maximum phytoplankton growth
rate as a function of the three physiological trait parameters
(Burmaster 1979):

mmax p
m∞rmax

m∞Qmin 1 rmax

: ð3Þ

This equation demonstrates that themaximum phytoplank-
ton growth rate is a composite trait that emerges through the
interaction of more fundamental traits relating to biomass-
specific nutrient uptake and metabolism. The influence of
each fundamental trait on the maximum growth rate is best
understood by considering equation (3) in two key limits. In
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Figure 1: Experimentally observed size dependence of the maximum
per capita population growth rate (mmax) in experiments reported by
Marañón et al. (2013). Note that these data represent the net phyto-
plankton growth rate, as calculated in appendix A (available online).
Diamond, cyanobacteria; down-pointing triangle, chlorophyte; star, other;
up-pointing triangle, coccolithophore; circle, diatom; square, dinoflagellate.
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the first limit, the maximum rate of nutrient uptake (rmax)
is assumed to be much slower than the maximum potential
rate of cellular metabolism (m∞Qmin), and equation (3) can be
approximated by

mmax ≈
rmax

Qmin
if  rmax ≪ m∞Qmin: ð4Þ

In this limit, the maximum growth rate is effectively set by
the maximum rate at which the basal cellular nutrient re-
quirement (Qmin) can be replenished by nutrient uptake (rmax).
Alternatively, the second limit assumes that rmax is much
faster than m∞Qmin, and equation (3) can be approximated by

mmax ≈ m∞ if  rmax ≫ m∞Qmin: ð5Þ

In this limit, the maximum growth rate is set by the maxi-
mum metabolic rate (m∞). We will use these fundamental
limits to illustrate how the two key rates change in impor-
tance as a function of phytoplankton size.

Observations

Marañón et al. (2013) measured the population growth of
22 species of phytoplankton, spanning a size range of 0.6–
168 mm equivalent spherical diameter (ESD; 0.1–2:5# 106

mm3 by volume). The growth of each species was assessed in-
dividually in batch cultures, with population size recorded
in terms of cell abundance, particulate organic nitrogen,
and particulate organic carbon. Marañón et al. (2013) esti-
mated the maximum phytoplankton growth rate (mmax) as
the linear rate of change in the natural logarithm of cell
abundance at the peak of the exponential phase. Here, mmax

was estimated by fitting a time-dependent sigmoidal func-
tion to the natural logarithm of cell abundance (see app. A).
The advantage of this approach is that it uses all the cell
abundance data collected throughout each culture experi-
ment and is free from subjective decisions as to when the
exponential phase occurs (Zwietering et al. 1990). The use
of cell abundance data is consistent with the units of the
model, but these data were found to be unreliable in four
cultures (Melosiranumoloides,Thalassiosira rotula,Coscino-
discus radiatus, and Coscinodiscus wailesii). For these spe-
cies, mmax was instead calculated by fitting the sigmoidal func-
tion to the natural logarithm of particulate organic carbon
(app. A).

Cellular nitrogen quotas (Q) were determined through-
out the batch culture experiments by dividing the concentra-
tion of particulate organic nitrogen by the cell abundance.
The minimum quota (Qmin) for each species was determined
simply as the smallest cellular quota recorded throughout the
duration of each experiment. It should be noted that these
values may significantly overestimate the size of the mini-
mum quota in some cases. This is because cells can often
metabolize stored nutrients during short periods of nutrient

scarcity (Litchman et al. 2009), and the transient nature of
the batch culture experiments makes it difficult to assess
whether this reserve has been fully exhausted (see “Discus-
sion”).
The maximum nitrogen uptake rate (rmax) was deter-

mined for nutrient-starved cells as the maximum per capita
rate at which nitrogen was removed from the culture me-
dium. This was determined over short experimental peri-
ods of ≤ 45 min in order to capture any short periods of
rapid nutrient uptake.
The maximum potential metabolic rate (m∞) is not directly

observable. Instead, we can rearrange equation (3) to esti-
mate m∞ from the directly observed values of mmax, rmax, and
Qmin:

m∞ p
mmax rmax=Qmin

rmax=Qmin 2 mmax

: ð6Þ

Note that this estimate can become increasingly sensitive
to small measurement errors when mmax ≈ rmax=Qmin (i.e.,
eq. [4]). We show later that this issue is most apparent
among smaller cells, for which m∞ has very little influence
on mmax. For three of the smallest species, observed values
of mmax actually exceeded rmax=Qmin, and a meaningful solu-
tion to equation (6) could not be obtained. All data used to
constrain the model are reported in appendix A.

Parameterization

Figure 2 indicates that the three fundamental model param-
eters (rmax, Qmin, and m∞) all show a clear linear relationship
with cell volume, V, when plotted on logarithmic axes. They
can, therefore, be well described by power-law functions of
the form p p aVb (where p is the parameter value). The
initial values (and associated 95% confidence intervals) for co-
efficients a and b were found for each parameter by reduced
major axis regression. The coefficients yielded at this first stage
are hereafter referred to as the initial estimates.
The initial estimates were subsequently adjusted within

their 95% confidence limits in order to maximize the fit of
equation (3) to observations of mmax. This was done using
lsqcurvefit, a nonlinear least squares curve-fitting package
in Matlab 2015a. The coefficient values after this second
stage are hereafter referred to as the adjusted estimates.

Results

Power-law functions describing the size dependence of the
three model parameters are shown in figure 2. Dashed lines
represent the initial estimates, while solid lines represent
the adjusted estimates that maximize the fit of equation (3)
to observed values of mmax. The initial and adjusted estimates
(and associated 95% confidence intervals) for coefficients a
and b are given in table 1. It should be noted that two of
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the six coefficients took values at the extremes of their initial
confidence limits. This issue is addressed in the discussion.
Figure 3 shows the initial and adjusted fit of equation (3)

to observed values of mmax. The initial fit captures the uni-
modal shape of the data but underestimates the negative
slope of the curve in the sub ∼6 mm ESD size range. This
issue was resolved by the adjustment step, which allowed
the model to more accurately reproduce the observed mmax

data, improving the coefficient of determination (R2) from
0.56 to 0.64.

Limiting Factors

The theoretical model predicts that the maximum growth
rate (mmax) is set either by the maximum nutrient uptake
rate relative to the basal nutrient requirement (rmax=Qmin;
eq. [4]) or by the maximum metabolic rate (m∞; eq. [5]).
We assess this possibility here using output from the ad-
justed model. Figure 4A shows the model size dependences
of mmax and rmax=Qmin, alongside observations of rmax=Qmin.
Both the model and data suggest that the maximum pop-
ulation growth rate among smaller cells is set by the maxi-
mum nutrient uptake rate relative to the basal nutrient re-
quirement as an increasing function of organism size. Among
cells larger than ∼6 mm ESD, however, mmax falls increasingly
below rmax=Qmin. This suggests that some other factor lim-
its the maximum growth rate of the larger organisms. Fig-
ure 4B shows the modeled size dependences of mmax and m∞

alongside the indirect empirical estimates of m∞. Here the
model and data suggest that with increasing size, the de-
clining maximum metabolic rate takes over as the primary
constraint on the maximum population growth rate.

Discussion

The metabolic theory of ecology predicts that population
growth rates should increase universally with decreasing
organism size (Brown et al. 2004). However, this predic-
tion is refuted among the smallest and most abundant or-
ganisms. Observations have shown that maximum growth
rates among prokaryotes and some very small unicellular
eukaryotes actually decrease with decreasing organism size
(Kempes et al. 2012; Marañón et al. 2013). This deviation
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Figure 2: Size dependence of the model parameters: maximum nu-
trient uptake rate, rmax (A); minimum nutrient quota, Qmin (B); and
growth rate at infinite quota, m∞ (C). Note that m∞ could not be es-
timated for three smaller taxa (see “Observations”). In each plot, dashed
lines show the initial relationships yielded when fitting the power-
law functions directly to the plotted data. Solid lines show the adjusted
estimates derived by fitting equation (3) to the observed values of mmax

(see table 1 and “Parameterization”). Diamond, cyanobacteria; down-
pointing triangle, chlorophyte; star, other; up-pointing triangle, cocco-
lithophore; circle, diatom; square, dinoflagellate.
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from the metabolic theory of ecology appears to apply uni-
versally to both autotrophic and heterotrophic organisms
(DeLong et al. 2010) but was examined here using an im-
portant group of photosynthetic unicellular organisms.

Among this group of marine phytoplankton, Marañón
et al. (2013) showed that maximum growth rates tend to
decline on either side of a peak at ∼6 mm ESD. We have used
a simple andwell-establishedmodel of phytoplankton growth
(Droop 1968; Burmaster 1979) to show that this pattern is
attributable to a size-dependent conflict between fundamen-
tal physiological traits. The maximum nutrient uptake rate
relative to the basal nutrient requirement (rmax=Qmin) scales
positively with size. In contrast, the theoretical maximum
metabolic rate (m∞) scales negatively with size. At ∼6 mm

ESD, the two rates converge, such that mmax among smaller
cells is set by the rate at which the internal quota can be re-
plenished by nutrient uptake, while mmax among larger cells
is limited by the rate at which the internal nutrient quota
can be converted into new biomass.
The observed fundamental traits that underpin mmax con-

form to simple allometric power laws (table 1; fig. 2). These
can be compared with theoretical predictions. In conjunc-
tion with the model, the directly observed traits imply a
size-dependent slope for m∞ of 20:275 0:09, not signifi-
cantly different from the value of 20.25 that is predicted by
the metabolic theory of ecology. When the model parameters
were further adjusted to observations of mmax, the slope for m∞

moved even closer to theory, taking a value of20.26. The size
dependence of m∞, which can be thought of as representing
the maximum potential metabolic rate, is therefore consis-
tent with the predictions of the metabolic theory of ecology.
At the other end of the size spectrum, the positive rela-

tionship between the maximum growth rate and cell size
is not consistent with the metabolic theory of ecology. We
have shown that the increasing trend is driven by a size-
dependent increase in the maximum nutrient uptake rate
relative to the minimum nutrient quota (rmax=Qmin), with a
combined exponent of 0.34. It should be noted that this high
value is dependent on adjusted exponents for rmax and Qmin

that are at the upper and lower extremes, respectively, of their
initial confidence intervals (table 1). This raises some concern
about the validity of the model, but it is likely that both ad-
justed exponents are compensating for a probable bias in
the initial estimate for the exponent of Qmin. This bias occurs
because transient batch culture experiments tend to overes-
timate the size of the minimum quota among larger cells with
increased capacity for nutrient storage. A more accurate way
to evaluate Qmin is to grow cultures in chemostats with very
low nutrient supply rates. Such experiments were performed
for Synechococcus (∼0.9 mm), Emilianiahuxleyi (∼7mm),and
Skeletonema costatum (∼8 mm) under conditions that were
otherwise equivalent to the Marañón et al. (2013) batch cul-
ture experiments (E. Marañón, unpublished data). It was
found that the original experiments overestimatedQmin, more
strongly in the larger cells (by 11%, 22%, and 55%, respec-
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Figure 3: Initial and adjusted estimates of mmax given by equation (3).
Symbols show the same observational data as in figure 1. Diamond,
cyanobacteria; down-pointing triangle, chlorophyte; star, other; up-
pointing triangle, coccolithophore; circle, diatom; square, dinoflagel-
late.

Table 1: Initial and adjusted power-law coefficients for each parameter shown in figure 2, with 95% confidence limits
for the initial estimates

Initial estimates 95% confidence limits Adjusted estimates

Parameter aVb Units a b a b a b

rmax pg N cell21 day21 .023 .98 .013–.042 .89–1.10 .024 1.10
Qmin pg N cell21 .033 .84 .020–.054 .76–.93 .032 .76
m∞ day21 6.40 2.27 3.6–12.0 2.35 to 2.18 4.7 2.26

Note: In each case, a gives the value of the parameter at V p 1 mm3, while b describes the slope of the log-transformed parameters as functions of log(V). Note
that the adjusted exponents (b) of rmax and Qmin took values at the extremes of their initial confidence limits.
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tively). As a consequence of this bias, the initial estimate for
the slope of Qmin is likely too high, causing the adjustment
step to choose values at the bottomof the initial range forQmin

and at the top of the initial range for rmax. We examined the
plausibility of this argument by repeating the analysis, ex-
cluding all Qmin data for cells larger than 6 mm. In this case,
the initial range for the exponent of Qmin was considerably
lower, and the adjusted exponents ofQmin and rmax were well
within the initial confidence intervals (and within ∼1% the
initial best estimates; see table B1; tables A1, B1 are available
online). Perhaps more importantly, the omission of the po-
tentially biasedQmin data had almost no effect on the adjusted
fit of equation (3) to the mmax data (fig. B1B; figs. A1, B1 are
available online), and the adjusted slope of rmax=Qmin was al-
most unchanged at 0.32. This suggests that the positive
slope of rmax=Qmin is robust to the likely overestimation ofQmin

among the larger cells.
Leaving these issues aside, the positive slope for mmax

among the smallest phytoplankton is dependent on Qmin

increasing less rapidly with cell volume than rmax. Regard-
less of the data used, the slope of Qmin was found to have
an exponent of !1, approximately in line with previous
estimates of 0.77 (Litchman et al. 2007) and 0.88 (Edwards
et al. 2012). These low values are not surprising because
of the increasing proportion of essential and nonscalable
nitrogenous components (such as the genome and cellular
membranes) in smaller cells (Raven 1994). On the other

hand, we found the exponent of rmax to be either approx-
imately equal to or greater than 1. These high values were
not expected, because previous meta-analyses and theoret-
ical arguments (based on consideration of the surface area
to volume ratio) have suggested a slope of 2/3 (or slightly
higher when accounting for nonspherical shapes among
larger cells; Litchman et al. 2007; Edwards et al. 2012). The
data used in this study—derived from a single set of exper-
iments performed under identical laboratory conditions—
indicate that rmax scales as an approximately isometric (i.e.,
linear) function of cell volume (Marañón et al. 2013). This
appears to be related to a size-dependent increase in the
maximum rate of nutrient uptake per unit of cellular sur-
face area (Marañón et al. 2013), although the underlying
cause of this increased uptake capacity remains an open
question. Further experimental work will therefore be re-
quired to explore the isometric scaling of rmax, which appears
essential to the observed unimodal size dependence of mmax.
In conclusion, we have used laboratory measurements

and an established model of phytoplankton growth to show
that the unimodal size dependence of the maximum growth
rate is attributable to a size-dependent trade-off between re-
source acquisition and the maximum metabolic rate. Con-
trary to the metabolic theory of ecology, the rate at which
the internal nutrient quota can be replenished by nutrient
uptake appears to be the primary constraint on the maxi-
mum growth rates of the smallest and most abundant pho-
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Figure 4: Factors constraining mmax. Dot-and-dash lines show the adjusted model estimate of mmax given by equation (3). In A, the solid line
indicates the adjusted model size dependence of rmax=Qmin. In B, the solid line indicates the adjusted model size dependence of m∞. Note that
while the symbols in A represent direct observations, the symbols in B represent model-derived estimates for m∞, as given by equation (6).
Diamond, cyanobacteria; down-pointing triangle, chlorophyte; star, other; up-pointing triangle, coccolithophore; circle, diatom; square, dino-
flagellate.
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tosynthetic organisms in the ocean. Our analysis provides
a new mechanistic framework to understand an important
physiological trade-off and should inspire further experi-
mental work that will help to clarify the overarching rules that
govern the size-dependent physiology of phytoplankton and
other microbial organisms.
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Appendix A from B. A. Ward et al., “The Size Dependence of
Phytoplankton Growth Rates: A Trade-Off between Nutrient
Uptake and Metabolism”
(Am. Nat., vol. 189, no. 2, p. 000)

Population Growth Rates
We explain here the methods used to estimate the maximum growth rates used in the main text. We also present the source
data used in all calculations. Note that the time-dependent cellular abundance, X(t), is abbreviated as X.

The per capita growth rate, m, of a phytoplankton population with cellular abundance, X, is defined as

m p
1
X
dX
dt

: ðA1Þ

From this, we can rewrite the right-hand side as the derivative of the integral with respect to t, which gives

m p
d
dt
ln(X ): ðA2Þ

This states that the per capita growth rate is equal to the rate of change of the log-transformed abundance. The maximum
rate of change under nutrient-replete growth therefore defines the maximum growth rate, mmax. In figure A1, we plot the time
evolution of ln(X=X 0) throughout the batch culture experiments of Marañón et al. (2013). In terms of gradient, this
is equivalent to equation (A2) but has the advantage of masking the ∼15 orders of magnitude variation in abundance
between the smallest and largest species. For species with poor-quality data for cell abundance (Melosira numoloides,
Thalassiosira rotula, Coscinodiscus radiatus, and Coscinodiscus wailesii), mmax was instead estimated according to the
rate of change in log-transformed particulate organic carbon (POC; ln(POC=POC0)).

The phytoplankton cultures described by Marañón et al. (2013) mostly follow the classic sigmoidal pattern of microbial
growth. The experiments begin in the lag phase, with an initially low or zero growth rate that accelerates toward a
maximum value during the exponential phase. Toward the end of the experiments, the growth rate returns to 0 as nutrients
are exhausted. A widely applied approach to estimating the maximum value of mmax is to perform a linear regression
on a subset of the data during the exponential phase (e.g., Marañón et al. 2013). This approach necessitates discarding a
large fraction of the experimental data and can be sensitive both to errors in the small number of data and to the choice
of data points to represent the exponential phase. A preferable approach is to use a model to directly estimate mmax as a
function of all data in the experiments (Zwietering et al. 1990).

Here we chose to model the time evolution of y p ln(X ) using a sigmoidal function that can represent all three phases
of growth in terms of three biologically meaningful parameters (Zwietering et al. 1990).

y p
A

11 exp[(4mmax=A)(l 2 t)1 2]
: ðA3Þ

This form has the advantage that the maximum per capita growth rate during the exponential phase, mmax, is explicitly
represented in the model. Specifically, mmax describes the maximum gradient of the sigmoidal curve at its inflection
point. The model also includes two other biologically meaningful parameters. The lag time, l, is defined as time at which
the tangent to the curve at its inflection point is equal to 0 (see fig. A1). Finally, the maximum population density is
given by eA. Equation (A3) was fitted to the log-transformed observations using the nonlinear least-squares solver
lsqcurvefit in Matlab 2015a.

q 2016 by The University of Chicago. All rights reserved. DOI: 10.1086/689992
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Figure A1: Cellular abundances (X ) during the batch culture experiments, normalized to the initial cell abundance in each experiment
(X0). Panels are arranged in order of increasing cell size. Curved lines represent the best fit of equation (A3) to the log-transformed data.
Straight lines indicate the tangent to the curve at its inflection point. The gradient of this tangent defines mmax. Filled circles denote
species with unreliable cell abundance data. For these species, cell abundance data were substituted with particulate organic carbon data.
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Appendix B from B. A. Ward et al., “The Size Dependence of
Phytoplankton Growth Rates: A Trade-Off between Nutrient
Uptake and Metabolism”
(Am. Nat., vol. 189, no. 2, p. 000)

Sensitivity to Model Formulation and Possible Biases in the Data
In the main text, we ignored the potential for nutrient uptake to be downregulated as the nutrient quota approaches its
maximum capacity. Here we account for this by assuming that the maximum possible rate of nutrient uptake (rmax) is
downregulated as the cell quota (Q) approaches its maximum value (Qmax):

r p rmax

Qmax 2 Q
DQ

: ðB1Þ

Here DQ is defined as Qmax 2 Qmin and represents the cellular capacity for nutrient storage above the basal nutrient
requirement (Qmin). Verdy et al. (2009) showed that when uptake regulation is considered in this way, the maximum per
capita growth rate is given by

mmax p
m∞rmax

m∞Qmin 1 rmax(Qmax=DQ)
: ðB2Þ

When we consider this function in two limits, as in equations (4) and (5), we find that equation (4) remains unchanged.
If the maximum potential rate of nutrient uptake is assumed to be much slower than the maximum potential rate of cellular
metabolism, the maximum growth rate is set by the maximum rate of nutrient uptake relative to the cell’s basal nutrient
requirement:

mmax ≈
rmax

Qmin

if rmax

Qmax

DQ
≪ m∞Qmin: ðB3Þ

In the alternative limit, if the maximum potential nutrient uptake rate is much faster than the maximum potential rate of
cellular metabolism, equation (B2) can be approximated by

mmax ≈ m∞ 12
Qmin

Qmax

! "
  if rmax

Qmax

DQ
≫ m∞Qmin: ðB4Þ

In this limit, the maximum growth rate is now limited by the maximum internal metabolic rate at its maximum quota rather
than at infinite quota. Note, however, that if Qmax is assumed to be very large relative to Qmin, then this second limit can
be reasonably approximated by mmax ≈ m∞ (Verdy et al. 2009), as in the main text.

We repeated the model analysis with the maximum quota included as a constraint on nutrient uptake. Observational
estimates of Qmax were determined for each species as the largest cellular quota recorded in the batch culture experiments
of Marañón et al. (2013). Power-law coefficients for Qmax were then estimated as for the other three model parameters
used in the main text. The four model parameters were then adjusted within uncertainty estimates to maximize the fit
of equation (B2) to observed values of mmax.

The results presented in figure B1A show that the predicted size dependence of mmax was barely affected by this increase
in complexity. This is not to say, however, that Qmax is not an important parameter in other aspects of the model behavior,
such as the size of the nutrient quota when the nutrient uptake rate (r) is much greater than the rate of biomass synthesis
(mQ).

We noted in the discussion that the adjusted slopes for rmax and Qmin were at the extremes of the range of values
permitted in the optimization process. We attributed this issue to the likely overestimation of Qmin among larger cells. To
evaluate the credibility of this argument, we repeated the analysis excluding Qmin data for cells larger than 6 mm from the
analysis. We found that the initial fit of equation (3) had a much steeper slope in the sub 6 mm size range, while the
adjusted fit was virtually unchanged (fig. B1B). We also found that the adjusted parameter values with the Qmin data
excluded were within ∼1% of their initial values and well within their prior confidence limits (table B1).

q 2016 by The University of Chicago. All rights reserved. DOI: 10.1086/689992
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Table B1: Initial and adjusted power-law coefficients for each parameter when Qmin data for cells larger than 6 mm were excluded
from the analysis

Initial estimates 95% confidence limits Adjusted estimates

Parameter aVb Units a b a b a b

rmax pg N cell21 day21 .023 .98 .013–.042 .89–1.10 .030 .99
Qmin pg N cell21 .048 .68 .030–.079 .47–.89 .041 .67
m∞ day21 6.40 2.27 3.6–12.0 2.35 to 2.18 4.7 2.26

Note: In this case, all the adjusted power-law coefficients lie well within the prior uncertainty range.
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Figure B1: A, Comparison of the initial and adjusted fits of the model when also accounting for the maximum nutrient quota. Black
lines show the initial and adjusted fits of equation (3). Red lines show the initial and adjusted fits of equation (B2). B, Comparison of the
initial and adjusted fits of the model with and without Qmin data for cells larger than 6 mm equivalent spherical diameter (ESD). Black
lines show the initial and adjusted fits of figure 3 with all data included. Red lines show the same fits with the Qmin data for larger cells
excluded. Diamond, cyanobacteria; down-pointing triangle, chlorophyte; star, other; up-pointing triangle, coccolithophore; circle, diatom;
square, dinoflagellate.
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