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Earth System Science Overview, NASA Advisory Council, 1986 



Overall outline 
Ø  Tipping Points I !!
!– Fixed points, their stability, and transitions!

Ø Climate application!
    – Earth’s radiation budget & energy balance models (EBMs)!
Ø  Tipping Points II!!
    – Limit cycles, strange attractors & the rest !
Ø Macroeconomic application!
    – Endogenous business cycles (EnBCs)!

!
!!



Elementary Bifurcation Theory and Variational Principle!
1.  Fixed Points !

–  linear stability!
–  non-linear stability and attractor basins!

2. Saddle-node bifurcations!
–  multiple branches of stationary solutions!
–  linear stability!

3. Bifurcations in 1-D!
4. Non-linear stability and variational principle!

–  variational principle in 0-D!
–  variational principle in 1-D!

5. Bistability and hysteresis!

Outline, Tipping Points I 



Concluding remarks, I 

Ø Bifurcations è multiple equilibria. !
Ø  Tipping points è rapid transitions between them.!
Ø Climate applications!
    – snowball Earth!
     – ice-free Arctic?!
Ø  Transitions between more general types of behavior — limit 

cycles, strange attractors, to follow later today.!
Ø Prediction of the transitions è see!
•  Mukhin, D., E. Loskutov, A. Mukhina, A. Feigin, I. Zaliapin, and M. Ghil, 2015a: 

Predicting critical transitions in ENSO models, Part I: Methodology and simple 
models with memory, J. Climate, 28, 1940–1961.!

•  Mukhin, D., D. Kondrashov, E. Loskutov, A. Gavrilov, A. Feigin, and M. Ghil, 2015b: 
Predicting critical transitions in ENSO models, Part II: Spatially dependent models, J. 
Climate, 28, 1962–1976.!

 !
!
!
!



Outline, theoretical: Tipping points, II 
Hopf Bifurcation & Transition to Chaos!
Ø  Limit cycles and their stability!
!– linear stability and Floquet theory!
!– nonlinear stability and attractor basins!

Ø Hopf bifurcations!
!– transition from stationary to periodic solutions !
!– super- and subcritical Hopf bifurcations!

Ø Routes to chaos!
!– successive-bifurcation trees!
!– period-doubling route!

    – intermittency route!
    – transient chaos!
!



The need for models with  
endogenous dynamics 

Work with P. Dumas (CIRED, CNRS-EHESS-etc.), 
S. Hallegatte (CIRED and ENM, Météo-France), 

J.-C. Hourcade (CIRED, CNRS-EHESS-etc.) 
A. Groth (LMD, CNRS-ENS-etc.) 

“The currently prevailing paradigm, namely that financial markets tend towards 
equilibrium, is both false and misleading; our current troubles can be largely 
attributed to the fact that the international financial system has been developed 
on the basis of that paradigm.” 

George Soros, 
The New Paradigm for Financial Markets: 
The Credit Crisis of 2008 and What It Means, 
BBS, PublicAffairs, New York, 2008 



Outline: Macroeconomic application 
Endogenous business cycles (EnBCs)!
Ø A non-equilibrium dynamical model (NEDyM)!
!– the Solow(1956) equilibrium model!

    – introducing adjustment delays!
Ø Hopf bifurcation and EnBCs in NEDyM!
!– limit cycles and transition to chaos!

Ø Effect of production shocks on NEDyM!
     – the vulnerability paradox !!



  Economic subdisciplines!
!– macroeconomics: national or regional economy as a whole!
!– microeconomics: individual households and firms!
!– econometrics: methodology of both macro- & microeconomics !!

  Macroeconomic variables and indicators!
!– gross domestic product (GDP) – produit intérieur brut (PIB)!
!– production, demand!
!– capital, profits (gross, net)!
!– price level, wages !
!– unemployment rate, number of employed workers!
!– liquid assets (of banks, companies)!
!– consumption, investment, stock!

N. B. Some of these are in physical units, others are monetary;!
! some are observable (time series), some are not!



01/14/11 Andreas Groth, ENS 3
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A tale of two theories: the “real” cycle  
and the endogenous cycle theories 

•  In the real cycle theory, business cycles and economic fluctuations 
arise from exogenous “real” (i.e. not monetary) shocks, like changes in 
productivity or in energy prices, or from fiscal shocks. 

 Aside from these exogenous shocks, the economic system is stable: 
 all markets are at equilibrium, and there is no involuntary unemployment. 
 Deviations from equilibrium are damped more or less rapidly. 
 Acting on the economy, therefore (e.g., recovery policies), is not useful. 

•  In endogenous business cycle (EBC) models, cyclical behavior 
originates from endogenous instabilities in the economic system. 

 Several instabilities have been proposed:  
•  profitability-investment instability 
•  delays in investment 
•  income distribution 

 Acting on the economy can, therefore, have positive effects,  
          by stabilizing it or by shifting its mean state. 



NEDyM (Non-equilibrium Dynamic Model) 

•  Represents an economy with one producer, one consumer, one 
goods that is used both to consume and invest. 

•  Based on the Solow (1956) model, in which all equilibrium 
constraints are replaced by dynamic relationships that involve 
adjustment delays. 

•  The NEDyM equilibrium is neo-classical and identical to that in the 
original Solow model. If the parameters are changing slowly, 
NEDyM has the same trajectories as the Solow model. 

•  Because of market adjustment delays, NEDyM model dynamics 
exhibits Keynesian features, with transient trajectory segments, in 
response to shocks. 

•  NEDyM possesses endogenous business cycles! 

Hallegatte, Ghil, Dumas & Hourcade (J. Econ. Behavior & Org., 2008) 



Hopf bifurcation (“tipping point”) from stable 
equilibrium to a limit cycle (“business cycle”) 











αinv = 1.7: purely periodic       
  behavior (limit cycle) 

αinv = 2.5: transition to chaos 
 (irregular behavior) 



αinv = 10: irregular orbit 
 (kinky torus) 

αinv = 20: very asymmetric 
 business cycle  
 (relaxation oscillation) 





Endogenous dynamics: an alternative 
explanation for business cycles 



Endogenous business cycles (EnBCs)  
in NEDyM 

•  Business cycles originate from the profit–investment relationship 
  (oscillations with a 5–6-year period) – Fukuyama (1989–92)?! 

 higher profits => more investments => larger demand => higher profits 

•  Business cycles are limited in amplitude by three processes: 
–  increase in labor costs when employment is high; 

–  constraints in production and the consequent inflation in goods prices 
when demand increases too rapidly; 

–  financial constraints on investment. 

•  EnBC models need to be calibrated and validated 
–  harder than for real business cycle models (RBCs):  

 fast and slow processes =>  
  need a better definition of the business cycles => 
     study of BEA & NBER data! 



Catastrophes and the state of the economy – I 

Business cycle 

A vulnerability paradox: When does a disaster cause  
greater long-term damage to an economy,  

during its expansion phase or during a recession? 
      

Recession 
Expansion 

Hallegatte & Ghil, 2008, Ecol. Econ., 68, 582–592, doi:10.1016/j.ecolecon.2008.05.022 "



Catastrophes and the state of the economy – II 

Business cycle 

Economic losses due to a  
disaster, as a function of the     
        pre-existing economic 

 situation 

Limited losses if the 
disaster affects an 
economy in recession 

A vulnerability paradox:  
A disaster that affects an economy during its  

recession phase… 
      

Recession 
Expansion 



Larger losses if the disaster  
     affects an economy in   

 expansion 

Recession Expansion 

Business cycle 

Economic losses due to a 
disaster, as a function of the 
pre-existing economic situation 

… causes fewer long-term damages  
than if it occurs during an expansion! 

Catastrophes and the state of the economy – III 

Hallegatte & Ghil, 2008, Ecol. Econ., 68, 582–592, doi:10.1016/j.ecolecon.2008.05.022 "



Concluding remarks, II 

Ø  Transitions between equilibria, limit cycles, and strange 
attractors.!

Ø Macroeconomic applications!
    – business cycles as endogenous phenomena!
Ø Coupled climate-economics modeling !
    – vulnerability paradox!



Some general references, I: 
Dynamical systems and climate applications  
Andronov, A.A., and L.S. Pontryagin, 1937: Systèmes grossiers. Dokl. Akad. Nauk. SSSR,14(5), 

247–250.!
Arnol'd, V. I., 1983: Geometrical Methods in the Theory of Ordinary Differential Equations, Springer-

Verlag, New York/Heidelberg/Berlin, 334 pp.!
Dijkstra, H.A., 2005: Nonlinear Physical Oceanography : A Dynamical Systems Approach to the 

Large-Scale Ocean Circulation and El Niño, 2nd edn., Springer, 532 pp.!
Ghil, M., 1994: Cryothermodynamics: The chaotic dynamics of paleoclimate, Physica D, 77, !
      130–159.!
Ghil, M., 2001: Hilbert problems for the geosciences in the 21st century, Nonlin. Processes !
      Geophys., 8, 211–222.!
Ghil, M., R. Benzi, and G. Parisi (Eds.), 1985: Turbulence and Predictability in Geophysical Fluid 

Dynamics and Climate Dynamics, North-Holland, 449 pp.!
Ghil, M., and S. Childress, 1987: Topics in Geophysical Fluid Dynamics: Atmospheric Dynamics, !
       Dynamo Theory and Climate Dynamics, Ch. 5, Springer-Verlag, New York, 485 pp.!
Ghil, M., M.D. Chekroun, and E. Simonnet, 2008: Climate dynamics and fluid mechanics: !
      Natural variability and related uncertainties, Physica D, 237, 2111–2126.!
Jordan, D., & P. Smith, 1987: Nonlinear Ordinary Differential Equations, 2nd ed., Oxford Univ. 

Press, 381 pp. (especially the last 2 chapters). !
Lorenz, E.N., 1963:  Deterministic nonperiodic flow.  J. Atmos. Sci., 20, 130–141. !
Ruelle, D., and F. Takens, 1971:  On the nature of turbulence.  Commun. Math. Phys., 20, 167–192.!
!
!
!
!
!
!
!





Reserve slides 



Motivation 
•  There’s a lot of talk about “tipping points.”!
•  It sounds threatening, like falling off a cliff: that’s why we care!!
•  But what are they, and what do we know about them?!
•  Here’s a disambiguation page (cf. Wikipedia), first.!
•  Sociology: “the moment of critical mass, the threshold, the boiling 

point” (Gladwell, 2000); a previously rare phenomenon becomes rapidly 
and dramatically more common.!

•  Physics: the point at which a system changes from a stable equilibrium 
into a new, qualitatively dissimilar equilibrium (throwing a switch, tilting a 
plank, boiling water, etc.).!

•  Climatology: “A climate tipping point is a somewhat ill-defined concept 
[…]”— so we’ll try to actually define it better. !

M. Gladwell (2000) The Tipping Point: How Little Things Can Make a Big Difference.!
T. M. Lenton et al. (2008) Tipping elements in the Earth's climate system, PNAS, v. 105. !

•  Catastrophe theory: branch of bifurcation theory in the study of dynamical 
systems; here, a tipping point is “a parameter value at which the set of 
equilibria abruptly change.”  è Let’s see!!



Composite spectrum of climate variability!
Standard treatement of frequency bands:!
   1. High frequencies – white noise (or ‘‘colored’’) !
   2. Low frequencies – slow evolution of parameters !

From Ghil (2001, EGEC), after Mitchell* (1976)!
* ‘‘No known source of deterministic internal variability’’!
** 27 years – Brier (1968, Rev. Geophys.)!



Energy balance models (EBMs)  
 
Problem 5: Compute the energy balance of Earth’s atmosphere.!

! !!
References!
!
1.  Reserve slides to this lecture.!

2.  Ghil, M., and S. Childress, 1987: Ch. 10 in Topics in Geophysical Fluid Dynamics: !
     Atmospheric Dynamics, Dynamo Theory and Climate Dynamics, !
     Springer-Verlag, New York, 485 pp.!
!
3. Liou, K.-N., 2002: An Introduction to Atmospheric Radiation, 2nd ed., !
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