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Explicit	
  resources	
  
� Consumer-­‐resource	
  model	
  
� Tilman	
  (1980)	
  



Func0onal	
  response	
  



Equilibrium	
  
�  Steady	
  state	
  resource	
  concentration.	
  	
  

�  Solve	
  dN/dt	
  =	
  0	
  

�  Steady	
  state	
  consumer	
  population	
  

� Tilman	
  (1980,	
  1981,	
  1982)	
  
�  The	
  critical	
  quantity	
  for	
  outcome	
  of	
  competition	
  is	
  not	
  
N*	
  but	
  R*	
  

�  Tilman’s	
  theory	
  is	
  called	
  «	
  R*	
  theory	
  »	
  



Two	
  consumers,	
  one	
  resource	
  
� Extension	
  of	
  previous	
  model	
  to	
  two	
  consumers	
  

� Critical	
  resource	
  concentration	
  for	
  species	
  1	
  and	
  2	
  
�  R1*	
  and	
  R2*	
  
�  If	
  R1*<	
  R2*	
  then	
  species	
  2	
  will	
  go	
  extinct	
  

�  Species	
  1	
  can	
  sustain	
  a	
  population	
  at	
  a	
  resource	
  level	
  
too	
  low	
  for	
  species	
  2	
  	
  



Compe00ve	
  exclusion	
  	
  
� Generalisation:	
  multiple	
  species:	
  	
  

�  p	
  consumers	
  for	
  the	
  same	
  resource	
  



Two	
  resources	
  
� Extension	
  of	
  the	
  same	
  basic	
  model	
  

� Two	
  essential	
  resources!	
  (versus	
  substitutable)	
  
�  Liebig’s	
  law	
  of	
  the	
  minimum	
  



Zero	
  net	
  growth	
  isoclines	
  (ZNGI)	
  
� dN1/dt=0	
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decline 
de

cl
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Steady	
  state	
  of	
  system	
  
� Two	
  methods:	
  	
  

�  Solve	
  equations	
  (dR1/dt=0,	
  dR2/dt=0,	
  dN1/dt=0)	
  
�  Graphically:	
  

Consumption vector 

Supply vector 



� To	
  find	
  the	
  consumption	
  vector	
  Q1:	
  
�  Consider	
  the	
  consumption	
  rates	
  for	
  	
  
both	
  resources	
  =	
  (second	
  term	
  in	
  dRi/dt)	
  

	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  	
  



� To	
  find	
  the	
  supply	
  vector	
  S:	
  
�  Consider	
  the	
  supply	
  rates	
  for	
  both	
  	
  
resources	
  =	
  (first	
  term	
  in	
  dRi/dt)	
  
	
  	
  



Steady	
  state	
  
� The	
  direction	
  of	
  Q1	
  is	
  independent	
  of	
  R1,	
  R2,	
  and	
  N1	
  
�  Steady	
  state:	
  	
  

Q1	
  and	
  supply	
  vector	
  must	
  be	
  in	
  opposite	
  directions	
  	
  



Interspecifc	
  compe00on…	
  
Tilman 1980 



ZNGI	
  for	
  both	
  species	
  
� Coexistence	
  possible	
  only	
  if	
  
ZNGI	
  intersect	
  
Intersection	
  =	
  equilibrium	
  

� And	
  only	
  if	
  supply	
  point	
  in	
  
region	
  III,	
  IV,	
  or	
  V	
  

ZNGI species 1 

ZNGI species 2 



Supply point 
�  Supply	
  point	
  in	
  region	
  I:	
  

�  Both	
  consumers	
  extinct	
  

ZNGI species 1 

ZNGI species 2 



Supply point 
�  Supply	
  point	
  in	
  region	
  II:	
  

�  Consumer	
  1	
  persist	
  
�  Consumer	
  2	
  extinct	
  

ZNGI species 1 

ZNGI species 2 



�  Supply	
  point	
  in	
  region	
  
VI:	
  
�  Consumer	
  1	
  extinct	
  
�  Consumer	
  2	
  persist	
  

ZNGI species 1 

ZNGI species 2 



Coexistence	
  
� The	
  combined	
  consumption	
  vector	
  is	
  a	
  linear	
  
combination	
  of	
  Q1	
  and	
  Q2	
  

� Hence	
  only	
  supply	
  points	
  in	
  region	
  IV	
  can	
  lead	
  to	
  
stable	
  coexistence	
  

ZNGI species 1 

ZNGI species 2 



Regions	
  III	
  and	
  V	
  
� These	
  regions	
  can	
  support	
  both	
  species	
  in	
  isolation	
  
� Region	
  III:	
  species	
  2	
  steady	
  state	
  is	
  on	
  vertical	
  ZNGI	
  

ZNGI species 1 

ZNGI species 2 

Species 2 steady state 



Regions	
  III	
  and	
  V	
  
� These	
  regions	
  can	
  support	
  both	
  species	
  in	
  isolation	
  
� Region	
  III:	
  species	
  2	
  steady	
  state	
  is	
  on	
  vertical	
  ZNGI	
  

ZNGI species 1 

ZNGI species 2 

Species 1 can invade,  
new steady state,  
species 2 extinct 



Stable	
  coexistence	
  in	
  region	
  IV?	
  



� Opposite	
  relation	
  of	
  
consumption	
  vectors	
  

�  Same	
  results	
  for	
  regions	
  
I,	
  II,	
  III,	
  V,	
  VI	
  

� Region	
  IV’:	
  competitive	
  
exclusion	
  dependent	
  on	
  
initial	
  conditions	
  
�  compare	
  LV	
  
competition	
  

�  Coexistence	
  equilibrium	
  
exists	
  but	
  it	
  is	
  a	
  saddle	
  
point	
  



David	
  Tilman:	
  R*	
  theory	
  



Experimental	
  tests	
  
� Diatom	
  phytoplankton	
  
� Competing	
  for	
  two	
  resources	
  

�  PO4	
  (phosphate)	
  
�  SiO2	
  (silicate)	
  

� Essential	
  resources	
  

� Asterionella	
  formosa	
  vs	
  Cyclotella	
  meneghiniana	
  



3: Asterionella  
should dominate 

5: Cyclotella should  
dominate 

4: coexistence predicted 

★: Asterionella dominant 

u: Cyclotella dominant 

�: coexistence observed 





Model	
  calibra0on	
  

Fragilaria crotonensis 

Synedra filiformis 

Asterionella formosa  

Tabellaria flocculosa 









Lotka-­‐Volterra	
  compe00on	
  model	
  
� No	
  explicit	
  resources	
  in	
  the	
  model	
  
� Presence	
  of	
  competitor	
  reduces	
  net	
  population	
  
growth	
  	
  
�  Reduce	
  reproduction	
  
�  Increase	
  mortality	
  

� Equivalent	
  of	
  logistic	
  growth	
  (but	
  for	
  2	
  species)	
  
� Parameters	
  

�  ri	
  
�  Ki	
  

�  βij	
  



Phase-­‐plane	
  method	
  
�  Isoclines	
  for	
  N1	
  and	
  N2	
  
�  Steady	
  states	
  =	
  intersection	
  of	
  N1	
  and	
  N2	
  isoclines	
  
�  Stability	
  of	
  equilibrium?	
  

�  Isoclines	
  
�  Solve	
  dN1/dt	
  =	
  0	
  

�  Solve	
  dN1/dt	
  =	
  0	
  



Case I



Case I

Add the arrows, and the steady-states 





Equilibria: 



� Outcome	
  of	
  competition:	
  

�  For	
  the	
  special	
  case	
  K1=K2:	
  

�  Interspecific	
  competition	
  <	
  intraspecific	
  competition	
  
	
   	
  à	
  coexistence	
  


