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Interannual and interdecadal prediction are major challenges of
climate dynamics. In this article we develop a prediction method
for climate processes that exhibit low-frequency variability (LFV).
The method constructs a nonlinear stochastic model from past ob-
servations and estimates a path of the “weather” noise that drives
this model over previous finite-time windows. The method has two
steps: (/) select noise samples—or “snippets”—from the past noise,
which have forced the system during short-time intervals that re-
semble the LFV phase just preceding the currently observed state;
and (i) use these snippets to drive the system from the current
state into the future. The method is placed in the framework of
pathwise linear-response theory and is then applied to an El
Nifo-Southern Oscillation (ENSO) model derived by the empirical
model reduction (EMR) methodology:; this nonlinear model has 40
coupled, slow, and fast variables. The domain of validity of this
forecasting procedure depends on the nature of the system’s path-
wise response; it is shown numerically that the ENSO model's
response is linear on interannual time scales. As a result, the meth-
od’s skill at a 6- to 16-month lead is highly competitive when com-
pared with currently used dynamic and statistic prediction methods
for the Niio-3 index and the global sea surface temperature field.

NSO forecasting has a decade-long history and relies mainly

on two classes of models: dynamical and statistical (1, 2). Still,
a further distinction has to be made within the latter class: Some
of the statistical models do not make any use of dynamical infor-
mation, like Lorenz’s method of analogues (3) and its followers
(4-6), while others do use a dynamical model—previously fitted
to the observations from the past—to drive the statistics in the
future (2, 7, 8). Empirical stochastic models belong to this hybrid
category, and linear versions of such models have been used in
ENSO forecasting for two decades; see ref. 9 for a survey. More
recently, Kravtsov et al. (10) have extended this approach to
nonlinear models by developing an EMR methodology that
can include quadratic nonlinearities as well as state-dependent
noise that parameterizes small-scale effects, without assuming
a priori scale separation (11).

The purpose of this paper is to show that, under suitable
circumstances, a better understanding of the role of the fast pro-
cesses, weather or noise, can help predict the slow ones—namely,
the climate. To achieve this purpose, we proceed in two steps: (i)
develop a special prediction methodology, called past noise fore-
casting (PNF), using EMR models; and (i) provide a theoretical
framework for applying the PNF method—or any other forecast-
ing method based on perturbations of the noise—to other empiri-
cal stochastic models. Of late, probabilistic forecasts in weather
and climate prediction have become fairly widespread: They are
grounded in an estimation of the probability density function
(PDF: 12-14).

We take here a distinct, pathwise approach instead, and will
show that this approach is particularly well adapted to empirical
stochastic models and to phenomena in which a considerable part
of the variability exhibits some form of repetitive regularity (15).
We focus mainly on the EMR models of ENSO introduced and
studied by Kondrashov et al. (16).
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The paper is organized as follows. We present in the next
section the concept of pathwise sensitivity, which describes the re-
sponse of the stochastic system at hand with respect to perturba-
tions of the noise realization. If this pathwise response is linear,
then the system’s response to small perturbations of the noise
may be small. In the subsequent section, we verify numerically
that this linear-response property is fulfilled by the EMR model
of ENSO used here. These two sections provide the theoretical
framework for our PNF method, which is outlined in the fourth
section.

The method’s key idea consists of selecting appropriate noise
samplings—or snippets—from the past of the noise realization
derived during the EMR model’s fitting procedure, and then
using a subset of these snippets to drive the model’s dynamics
into the future. An effective subset of snippets is selected by re-
lying on ENSO’s well-known LFV modes (17) to key the selection
to the analogous phases of these modes.

Essentially, the PNF method is a forecasting method based on
perturbation techniques of the actual path of the future noise.
The effects of changing the magnitude of these perturbations
are analyzed by relying on the pathwise linear-response property.
This property provides, in the fifth section, a clear theoretical ex-
planation of the relatively good performance of the PNF method
in the case at hand, as illustrated further by the statistical-signif-
icance tests in SI Text. The PNF approach is quite flexible, and
further extensions are suggested in Concluding Remarks.

Predictability and Pathwise Sensitivity
Random forcing in a climate model may increase the robustness
of its long-term behavior (18), but it adds another source of
uncertainty to short- or medium-term prediction. In stochastic
linear models of the form dx = Axdt + d&, (9)—where x is the
state vector, ¢ is time, and ¢ is a vector-valued Wiener process
—sensitivity to the initial state may be observed in the short
run. In the long run, however, because stationarity of the stochas-
tic process requires the linear operator A to be exponentially
stable, there is no such sensitivity: To the contrary, trajectories
started from different initial states x, and driven by the same
noise realization d&,(w) are completely synchronized. Such path-
wise synchronization characterizes all stochastic dynamical
systems having only negative Lyapunov exponents (18, 19). We
shall see that a weaker form of synchronization, namely so-called
on-off synchronization, characterizes certain systems that do have
a positive exponent (19).

Assuming the driving noise d¢, is white, Ornstein—Uhlenbeck
theory can be used to estimate A and the covariance of d¢,. The
Green’s function of the process can then be used for predicting

Author contributions: M.D.C., D.K., and M.G. designed research; M.D.C. and D.K.
performed research; M.D.C. and D.K. contributed new analytic tools; M.D.C,, D.K., and
M.G. analyzed data; and M.D.C,, D.K., and M.G. wrote the paper.

The authors declare no conflict of interest.
*This Direct Submission article had a prearranged editor.
"To whom correspondence should be addressed. E-mail: mchekroun@atmos.ucla.edu.

This article contains supporting information online at www.pnas.org/lookup/suppl/
doi:10.1073/pnas.1015753108/-/DCSupplemental.

www.pnas.org/cgi/doi/10.1073/pnas.1015753108


http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1015753108/-/DCSupplemental/pnas.1015753108_SI.pdf?targetid=STXT
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1015753108/-/DCSupplemental
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1015753108/-/DCSupplemental
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1015753108/-/DCSupplemental
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1015753108/-/DCSupplemental
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1015753108/-/DCSupplemental
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1015753108/-/DCSupplemental

Bane

/

I\

=y

the expected evolution of the state x(¢) (9). Still, there is no
information on the future of the sample path ¢ — d§(w) that
has been fitted from the observations over a time window
(0,£*); where @ € Q marks the sampled realization, and Q is
the appropriate probability space for the sample paths.

For a nonlinear stochastic model that exhibits a positive Lya-
punov exponent when the noise is turned off, we are thus faced—
once the noise is turned on and besides the sensitivity to the initial
state—with the additional uncertainty in the realization of the
noise. Hence the forecasting problem becomes, at first sight,
even more difficult than in the purely deterministic case. In
the remainder of this section, we show that for certain chaotic
systems—which are of geophysical interest, as seen in the next
section—the noise can help, rather than hinder, the prediction
of the state.

We consider here a nonlinear stochastic model of the form,

dx = f(x,t)dt + g(x,1)d&,; 1]

the model is used to simulate a multivariate time series over a
time interval (0,/*) and to predict its future evolution over the
interval (¢, t*+T). In Eq. 1 and the sequel, the noise d¢, is
not necessarily white and hereafter will be denoted by &;. One
assumes that the deterministic functions f and g have been esti-
mated, by EMR or in some other way. Unless one knows, though,
how to approximate the sample path of the noise ¢ = & (w) for
t € (tt* + T)—with w the unknown but fixed realization—one
has to rely on predictions of the system’s PDF (12-14).

To exploit knowledge of past noise, as we propose to do here,
requires first an estimate of the model’s response to a “perturba-
tion” of w. Consider an observable y of the system governed by
Eq. 1—i.e., a real-valued continuous function X — R, where X is
the system’s phase-space. For definiteness and clarity, let & (')
be a perturbation of & over (0,t*), with ' a different realization
and 0 < ¢ < 1; the perturbed path of the noise is yf(o') =
& (w) + €&,(o'), although much more general perturbations can
be considered. Denote by ®(z,5,xy; w) the solution of Eq. 1 ema-
nating from x; at time s < ¢, when the system is driven by the path
t = &(w), and by ®_(¢,5,Xy; @) the one driven by yf(w’) and still
emanating from x(s) = x,.

Consider now a perturbation y¢ (') applied over the interval
(s,t). We define the (local) deviation 5"" o (w.') of y at t, when
starting from x,, at time s and driven by the two noise paths y{ («')
and & (w), respectively, from s to #:

S (w0 )=y (@ (15 x0:0)) —w(@(tsxp:)); (2]

o here refers to the realization that drives the unperturbed
system. The corresponding mean response at time ¢ is provided
by the expectation waeg[é( )(1// ®')]; when no confusion is

possible, we drop the indexing over o' € Q. We will be mainly
interested in the expected response averaged over (s, t) and given
by [E[6XO 5 (w, -)], where 6’(‘0 o (. )=(s =)~ [io10 (w

At thls point, we take a brief excursion beyond the scope of the
present paper and note that, by taking an ensemble average over
Xo € X and letting s > —oo, one recovers, in our stochastic con-
text, quantities that are analogous to those considered in Ruelle’s
(20) response theory for smooth, time-dependent perturbations
F(x,t) of autonomous systems with chaotic behavior. In that the-
ory, the nature of the response—whether linear or nonlinear—is
independent of the respective choices of the observable y and the
perturbation in the (deterministic) forcing F.

There is no room to discuss here a rigorous framework in
which to assess the response of a stochastic system governed
by Eq. 1 to perturbations of the noise path ¢ = (). Only nu-
merical results for the short-range response can be given in the
present paper; these will be justified rigorously elsewhere. Appli-
cations of linear-response theory to climate sensitivity have been
recently investigated in a deterministic (21) and in a stochastic
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context (22), but only for the model’s PDE while pathwise statis-
tics are discussed in ref. 19.

To which extent does the local, short-range response depend
on Xy, w, s and ¢? It appears that the linear or nonlinear nature
of [E[S?f_;l‘; (w, *)], over a fixed interval (s,t), is unchanged for almost

all xy and almost all w; as a consequence, we will drop the depen-
dence in x, and . This statement holds, for instance, in the case
of the stochastic Lorenz system forced by oxd¢;, with ¢ > 0, as
considered in ref. 19: For ¢ —s fixed—and almost surely in x,
and w—[E[(_S’(‘;’fI(;’(y/, *)] depends nonlinearly on the perturbation;
this nonlinear response sets in above a certain threshold ¢, of
the perturbation size, which is much smaller than the variance
of the noise.

To the contrary, other nonlinear (and chaotic) stochastic sys-
tems can exhibit—over a wide range of perturbations and still for
almost all x, and w—a linear response. For ¢ — s fixed, such a re-
sponse is visualized through a slope of [E[B(m (y, *)] vs. € that is
constant or changes only slightly with x, and s. In certain cases,
a loss of this linear dependence may occur above a relatively large
perturbation size. In practice, the knowledge of E[6( (v, -)], and
the threshold ¢, past which the response becomes nonlinear, gives
a quantitative assessment of the pathwise sensitivity: The smaller
€y the more sensitive the system may be to a perturbation &, (')
of the path. It follows also that a “reasonable” value of ¢ < ¢,
could serve as a good indicator of an admissible noise perturba-
tion. In the next section, we illustrate what is reasonable for an
EMR-model of ENSO.

Pathwise Linear Response of an EMR-ENSO Model
EMR models (10, 11, 16) are a subset of the stochastic systems
described by Eq. 1; they can be compactly written as
x=Ax+B(xx) +L(xrl.&t), 0<I<L-1.  [3]
Here x represents the slowest and most energetic modes, B(x,x) is
a quadratic nonlinearity, and L is a time-dependent linear opera-
tor obtained by integrating recursively from the Lth level to the
top level, / = 0, the linear stochastic equations that relate the aux-
iliary stochastic forcings ! and ¥'*'—i.e., drl = b;(x.x%,....r))dt+
vfldt; A and B are estlmated by a least-square procedure and
b, are linear maps estimated recursively along the same lines.
The procedure is stopped when rf~! = ¢, called the Lth-level re-
sidual forcing, has a lag-1 vanishing autocorrelation. The stochas-
tic forcings r! are ordered from the one with strongest memory,
1Y, to the most weakly autocorrelated one, &. Here and through-
out this section, & in Eq. 3 is to be understood thus as an approx-
imation over the sampling interval of d&, in Eq. 1. This procedure
allows one to parameterize the “fast” modes in terms of the
“slow” ones; see SI Text for further details.

Kondrashov et al. (16) have shown that a two-level EMR mod-
el—i.e., L =2 in Eq. 3—can simulate key features of the global
sea surface temperature (SST) field’s LFV and is quite competi-
tive in predicting ENSO events on the seasonal-to-interannual
scale. Let us assume that such a model has been fitted to the
SST observations over some interval (0,7)) and measure its path-

wise sensitivity to changes in the model’s “weather”; i.e., in the
EMR procedure’s residual noise r} = &,.
Consider now the observable w(x):=||x||, where || - || denotes

the Euclidean norm of x. Our goal is to obtain an estimate of
E[65 (v, ~)}du in terms of ¢; to do so, we calculate

/ [P, (u,5,%0; ") — P(u,5,X0; 0)||du |, [4]

as a function of E,,eq((00.7, (1211)) ™" /41125 (@) — &, (o) lldu]. Here
(t—s5) < Ty, ®(¢) is the reference solution drrven by the refer-
ence path of the noise & (), 6 (o 1, (I£]]) is the standard deviation
on (0,T,) of the norm of the residual noise & (w) at the second
level, while o 7, (/| ®||) is the standard deviation of the norm ||®||
on (0,T).
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Fig. 1. Pathwise linear response of the two-level EMR model of ENSO (16)
for T = 16 months ahead. Each blue dot represents an averaged deviation
calculated from 2 over a 16-month interval; the perturbation o’ is chosen
among one hundred arbitrary ones, for each value of e. These 100 deviations
are plotted against E,col((t —5)oor) ™" (IEI1) [IlxG (@) = Eu(w)lldu]; see text
for details. The straight blue line corresponds to the estimation of the re-
sponse given by 4 against the same “metric.” The magenta and red dots
are introduced and discussed in the paper’s last-but-one section.

The initial state at time s is chosen as a representative X,
associated with a state found in the past of the SST field, and
t is chosen so that t —s = T = 16 months, while the state of the
system is known up to time ¢. The results are depicted as the blue
points in Fig. 1, which clearly demonstrates a pathwise linear re-
sponse, with a slope of about 0.8 for our two-level EMR model
(blue curve in the figure) over a large range of perturbations of
the noise.

This stochastic EMR model has a leading Lyapunov exponent
that is positive, and it exhibits the intermittency phenomenon
described by Chekroun et al. (19). This phenomenon is charac-
terized by on-off synchronization of the trajectories for almost all
fixed realizations; it is also associated with a sensitive dependence
to initial states that is considerably weaker than observed in a
stochastically perturbed Lorenz system (19).

In order to perform a more detailed analysis of the sensitivity
to initial states of the ENSO model used here, we propose a sim-
ple methodology that is consistent with the forecasting method
developed in this paper (see below). To be precise, we have con-
sidered 60 reference initial states spread over 60 different initial
times s; to each of these 60 states, we have applied 120 perturba-
tions corresponding each to a state occupied by the system over
10 yr prior to s. The system was driven by the same realization »

of the noise, and the divergences between the trajectories
[Ix(2,5,%; @) — x(,5,Xp; w)|| emanating from the reference initial
state xy and the 120 perturbed ones X,, have been plotted in
Fig. 2 A and B at 1 mo (t—s =1, blue points) and 16 mo
(t —s = 16, red points), respectively.

The divergence at 1 mo exhibits a linear dependence with
respect to the magnitude ||xg —X|| of the perturbation (A4),
but this dependence becomes nonlinear at 16 mo (B). Fig. 2B,
however, clearly demonstrates that two distinct clusters of red
points may be identified: Either the model responds actively
to a perturbation of the initial state, and the scatter is large,
or the response is weak; in the latter case, the divergence is less
than 0.25—i.e., less than 25% of the SST field’s standard devia-
tion. Fig. 2B shows, furthermore, that the “mass” of this compact
cluster is larger than the mass of the former cluster.

This feature demonstrates that, at 16 mo, the trajectories
have a stronger tendency to synchronize than to diverge, which
indicates on-off synchronization with a stronger on mode than
the off mode (19). It thus appears that a fairly strong tendency
of trajectories to synchronize for given, fixed stochastic forcing
at intermediate range is associated with a weaker dependence
on perturbations of this forcing, on the one hand, and with smal-
ler divergence of trajectories at short times, on the other.

The results in Figs. 1 and 2 are thus fairly encouraging in terms
of developing a predictive methodology based on estimates of
future noise, because errors in such estimates do not seem to pro-
duce unduly large errors in the forecast. We develop such a meth-
odology in the next section.

Past Noise Forecasting (PNF)

Sampling Stationary Stochastic Processes. A well-known fact from
the theory of stochastic processes is that—given a probability space
(Q,%,P) associated with a stochastic process {t = & (@)}, cq, With
F the o-algebra of events and P the probability measure—a time-
parameterization of Q is obtained by introducing the shift operator
0.6 (w)=¢,s(w) and letting & (w) = w(s); see refs. 18 and 19
and references therein. If the stochastic process is stationary or
with stationary increments, then the noise statistics are invariant
under the transformation 6, or its helix analogue (19)—
ie., O,P =P.

It follows that shifting in time the path of such a stochastic pro-
cess t = & (w), given for a fixed realization w, leads to another
path, t = &(@'), of the same stochastic process but for another
realization «’. An immediate consequence is that, given a path
t = &(w) of length #* > 0, each continuous segment or snippet
of length T of this path, with T < ¢*, provides another path ¢ —
& (o) of length T, for a realization ' of the same stochastic pro-
cess. This property allows one, therefore, to select several sample
paths of length T—associated with other realizations {®’}—from
a single path of length ¢ > T.

Fig. 2. Sensitivity with respect to

15 T T T T 1.5
A B
1r 1
[0}
e S
o Q.
a )
) o)
o o
0.5F 0.5
00 0.2 0.4 0.6 0.8 1 00
Perturbation of initial conditions
11768 | www.pnas.org/cgi/doi/10.1073/pnas.1015753108

0.2 0.4 0.6 0.8 1

initial states. The x-axis represents
the magnitude ||xo — Xo|| of a per-
turbation X, of an initial state
Xo taken at time s, while the y
axis represents the divergence
[1X(t,5,X0; @) — X(t,5,%0; ) | be-
tween the corresponding trajec-
tories (A) at 1 mo (t—s=1); and
(B) at 16 mo (t—s = 16), driven
by the same noise realization .
The results are plotted here for
60 different times s, and 120 per-
turbations X, applied at each time
s, corresponding to 120 states oc-
cupied by the system over 10 years
prior to s. Note that the variance
of the field is about 1, and there-
fore the perturbations considered
here are quite substantial.

+ 16 months

Perturbation of initial conditions
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Noise Sampling Refinement Based on LFV Analogs. We consider now
0 < T < t* and select N continuous, possibly overlapping seg-
ments of length 7" each, from a time series of the noise & of length
t*, given for a fixed realization w. Note that N < #* depends on ¢*,
and will be denoted by N,- when necessary. Starting the copying at
time ¢ = 0, this procedure leads to a set & of N snippets of size
T, denoted by {{%:i=0,....N — 1}, with t; € [0, = T], t, =0,
and #; <t;,,. Each of these ¢ constitutes a path of length T
of the noise for a realization w; that could potentially drive, from
time ¢* to time ¢* + T, any stochastic system driven by the noise &;
note that o, = w.

First, we notice that—by running the two-level EMR-ENSO
model of ref. 16 from an arbitrary ¢*, and driven by (% € &.—
the average over a large enough number N, of simulations is es-
sentially the same as the one obtained from a large ensemble of
arbitrary realizations of the residual noise &, as given by Eq. 3.
This numerical observation points to two facts: (i) The ensemble
&, contains sufficient statistics to recover the mean obtained
from a larger ensemble; and (if) no improvement is obtained with
respect to forecasting by the mean, thus motivating the need to
refine the set &, of snippets in some way. In other words, we ask
if there exists a subset &). of &, that allows one to improve the
forecast by simply taking the mean over this subset.

Because &, is derived merely by sampling the stochastic for-
cing from the past, we examine next the phase of the system that
corresponds to a snippet ¢, in order to select those snippets that
correspond to the phase of the system at time #*. This selection is
motivated by the fact that, for the EMR-ENSO model at hand,
sensitivity with respect to the initial state is linear or weak on time
scales of T =1 — 16 months (cf. Fig. 2), and therefore the sys-
tem’s phase is mainly determined by the stochastic forcing over
these time scales. We thus select noise samples of length 7" from
the past that have forced the system when it occupied a phase that
resembles the one just preceding the currently observed state at
t*, and use these to drive the system from ¢* on till #* + T. The
aggregate forecast skill by relying on the individual forecasts
so obtained will depend mainly upon the distribution of the se-
lected snippets as perturbations of the actual path of the forcing
into the future, provided the system exhibits a linear pathwise re-
sponse to such perturbations. The latter point is discussed below,
just before Concluding Remarks.

We still have to define the precise meaning we attribute to the
system’s being in a given phase. In fact, several methods exist to
examine the instantaneous phase of a stochastic, as well as a de-
terministic, system. In order to refine the set &, by considering
the phase of our two-level EMR model of ENSO, we adopt here a
heuristic approach and look at the phase of a smoothed version of
the SST field’s time series. The smoothing is obtained by singular
spectrum analysis (SSA) (23) and turns out to provide a sharp
enough selection criterion for the snippets of interest in our PNFE.

To simplify the discussion, we only consider here x;—i.e., the
first component of our EMR model—which gives the time evolu-
tion of the leading principal component (PC1) of the SST field
(16) and captures about 80% of the variance (24). The idea of
smoothing PC1 by SSA relies on the fact that the subset formed
by the leading reconstructed components (RCs) of PC1 captures
the LFV of this time series, while filtering out the spurious high
frequencies. Ghil and Jiang (2) showed that much of ENSO pre-
diction skill does lie in correctly forecasting its quasi-quadrennial
(QQ) and quasi-biennial (QB) modes (25, 26).

Our approach consists of finding analogues for a continuous
segment of a selected RC—of length 0 < A < T months and end-
ing at #*, the epoch from which we want to predict—by scanning
the record of that RC over the available time series. The closeness
of our analogues is determined by using both the rms (RMS) and
the correlation coefficient (Corr) between two such segments.
Consider the sum RCg of the k = 1,... K leading RCs of PCl
(cf. ref. 23 and SI Text). The selection procedure for analogues
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that correspond to prediction from an epoch ¢* is based on the
following two steps:

Step S1.
Let RCk(#.4; + A) be the segment of RCy that starts at #; and

oy
has length A. We first select the times 4 < ¢ — A such that
At*) in both

RCk (4.t +A) is close enough to RCg(t"—

RMS and Corr. More precisely, we compute the set:
T (ap)={t; € (0.t = A):
rms(RCk (4.4 + A) — RCy (t*
corr(RCx (4.4 + A) RCk (" -

—At)) <a, and,
Ar)) 2 1-p}, (51

with prescribed parameters 0 < a, # < 1. In theory, 7. could
be the empty set for very small a and p. In practice, a and p have
to be tuned so to avoid this, while card(J.) < N, to ensure
that &7. is a strict subset of &,; see step 2.

Step SZ.

Define next the following subset of &,

S={lie Sp:; €T} [6]

The set ;. is entirely based on the past observations and will
serve us to drive the system into the future, as follows.

For any noise snippet %, we denote by x(¢* + £,t* x,; (") the
solution of our two-level EMR model of ENSO at time ¢* +¢
starting from the current observation x, at time ¢*, and forced
by (' over the interval (t*, * +¢). Note that, by construction,
0<t<T.

Our predictor—from ¢* for t months ahead—will be:

= 3 I x5 00), 71

LET,

X(t* + 115 %)

where y; € [0,1] and )} u; = 1. In the sequel, we simply illustrate
the method with y; = 1/card(77}.), for all j, and postpone the dis-
cussion of optimizing the choice of the y;s for future work. Note
that, in Eq. 7, £ can be replaced by a shifted ¢, with 0 < s < A,
because we consider only an “average phase” of the system over
A-months, rather than an instantaneous phase.

We call any method that consists of using Eq. 7 as a predictor,
and steps S1 and S2 for the selection procedure of the noise snip-
pets % a PNF method; in other words, EMR fitting is but one way
to determine the driving noise ¢' from which the snippets are se-
lected. A schematic illustration of the concept is given in ST Text.

In practice, the parameters K and A—needed to fully specify a
PNF (K,A) method—have to be determined either by tuning, as
discussed in S7 7ext or by a more systematic optimization method.
PNF methods are being presented here in the context of ENSO
and for a two-level EMR model, but they are quite general and
can be used, in principle, for any empirical stochastic model fitted
to some time-evolving dataset. Their forecasting skill depends, of
course, on the nature of the model’s pathwise response intro-
duced in the previous section; see also the last-but-one section.

Numerical Results and Forecast Skill

We use here a two-level EMR model—i.e., L =2 in Eq. 3—of
ENSO variability (16), embedded in the subspace of the 20 lead-
ing PCs of a time series of SST anomalies that is £ = 585-month
long (January 1950-September 1998), given on a 5° x 5° grid over
the 30 S-60 N latitude band (27) and has the annual cycle re-
moved. We predicted starting on successive months #; = £ + qdt*,
with 6t = 1 month, and g € {0.....Q — 1}, with Q = 114, via (7),
and the maximum number of months over which we do so is fixed
at T =16 months. Note that the total number of possible
Ny, Nt* =t;—T =569 snippets here is the same for each
t > to—l e., we do not update the EMR model from one value
of 1y to another keeping it fixed only makes the test for the PNF
method even harder.
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For A = 5 months and using selection criterion S1—applied to
RCx of PC1, with K = 2, « = 0.5 and # = 0.05 in Eq. 5—the PNF
(2,5) method selects snippets ¢ that allow us to reach the goal set
in the preceding section: improve the forecast obtained by taking
the mean of the EMR model by refining the subsets . Fig. 34
illustrates this improvement in predicting the Nifio-3 index by
comparing the mean of the EMR model prediction (red curve)
with the predictor given by (7) (blue curve). These predictions are
issued each month ¢* using only data prior to that month, for O =
114 values of £, running from October 1998 to March 2008.

We note in Fig. 34 that the PNF method is able to capture
episodes of strong anomalies in the evolution of the Nifo-3
index—especially the large El Nifio in 2003 and the large La Nina
in 2008—much better than the mean EMR method does. While the
PNF performance is not uniformly better, it is at no time substan-
tially worse that the mean EMR either. The PNF improvement is
most striking during the energetic phases of constructive interfer-
ence between the LFV modes, QQ and QB (2, 26).

Fig. 3 B and C shows that the PNF method yields significantly
better skill in Nifo-3 prediction beyond 6 mo, compared with the
standard EMR method of Kondrashov et al. (16). The optimal

Nifio—3, 14 month prediction, 2000-2009
T T T

T T T

A 2 T T
— Data
1.5 = EMR q

——PNF
n QQ+QB

W TR T
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Year
B Nifio-3 Prediction skill, 2000-2009: Correlation
1 T T T T T T T
0.8
0.6
= 04
Q
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oH ——EMR
—— PNF
-0.2H PNF+reshuffle B - = N 3 «
= EMR+reshuffle
—0.4 RS I E— 1 1 1 L 1
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Nifio-3 Prediction skill, 2000-2009: RMS Error
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8 10 12 14 16
Lead (month)

Fig. 3. Nifio-3 prediction skill for years 2000-2009. (A) PNF forecasts (blue
curve) validated at 14-mo lead, compared to the actual data (black), EMR
forecast (red), and the quasi-quadriennal (QQ) + quasi-biennial (QB) compo-
nents of SSA reconstruction (2, 26) (cyan); see text for details. (B) RMS and
(C) Corr forecast skill obtained by using the mean of a two-level EMR-ENSO
model driven by a large set S;, of noise realizations (red), and driven by a
smaller subset S;, of realizations selected by the PNF(2,5) method (blue);
the average is taken over the Q = 114 forecasts issued each month from Oc-
tober 1998 to March 2008. The forecasts use only data prior to that month—
i.e., no “look-ahead” whatsoever is involved, and the skill is plotted for leads
of 1-16 mo—with the seasonal cycle removed and normalized by the varia-
bility. For each forecast, the EMR-ENSO model is initialized at the observed
state for the time t* at which the forecast is started. These results are com-
pared with a reshuffled version & (green) of the residual noise .
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improvement occurs at relatively long lead times of 12-16 mo.
This improvement is due, in part, to the fact that, in our EMR-
ENSO model, the chaotic behavior is relatively weak and most
trajectories, while starting from different initial states, synchro-
nize for a fixed realization of the noise at longer lead times, as
shown in Fig. 2B. The PNF improvement is also consistent with
the characteristic decay time 7z of the ENSO eigenmode asso-
ciated with its most energetic LFV mode, the QQ mode; this
decay time of 7~ 14 months (16) might ultimately determine
the empirical limits of long-term ENSO predictability.

Even more strikingly, Fig. 4 shows that PNF skill in predicting
the SST field itself at a 14-mo lead is uniformly better over the
entire equatorial Tropical Pacific and Indian Ocean area, where

A EMR Corr

|
|
|
|
0 60 E 120 E 180 E 1200 W 60 W o

0 60 E 120 E 180 E 1200 W 60 W 0

C EMR RMS

)

|

\ ¢ 1

0 60 E 120 E 180 E 1200 W 60 W 0

Fig. 4. Prediction skill for 14-mo-lead forecasts of the SST field by (A and C)
an EMR model and (B and D) the PNF method. The skill is evaluated in terms
of maps of (A and B) anomaly correlation Corr and (C and D) normalized rms
errors RMS. Both EMR and PNF were trained on T, = 50 years of SST data
(1950-2000), and validated on 10 years (2000-2009) of data, with the seaso-
nal cycle subtracted. The Nifio-3.4 index is defined as the mean SST anomaly
over the rectangular box. PNF skill is uniformly better (lower RMS and
higher Corr) in the equatorial Tropical Pacific and Indian Ocean, where ENSO
is most active.
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ENSO is most active. This improvement is manifest in both fore-
cast skill measures, Corr (4 and B) as well as RMS (C and D).

In order to understand better the advantage of selecting appro-
priate noise snippets to drive the PNF forecasts, we compare the
results in Fig. 3 B and C with those obtained by using a reshuffled
version ¢, (green) of the residual noise &, obtained at the second
level. The reshuffling modifies the autocorrelations of & but
changes neither its mean nor its variance. This comparison de-
monstrates that the EMR forecasts with reshuffled noise ¢, are
identical to those with the original EMR—i.e., the ensemble
mean, over N snippets, of the future paths is insensitive to ran-
dom permutations of the residual noise.

To the contrary, the PNF(2,5) predictor in Eq. 7 is sensitive to
being driven by & snippets, and the skill of this reshuffled PNF
drops dramatically, because it does not respect the relation be-
tween the driving noise and the LFV phases in the past. Statis-
tical-significance tests in SI 7ext buttress the numerical results on
PNF and EMR prediction skill presented here. Furthermore, the
PNF methodology is illustrated in S/ 7ext by introducing and ana-
lyzing a simple ecological “toy model” forced by white noise.

PNF Method and Pathwise Linear Response

It remains to show that the relatively good skill obtained by the
PNF method is in agreement with the pathwise sensitivity results
obtained for the two-level EMR model of ENSO (cf. Fig. 1) and
the fact that sensitivity with respect to initial data is weak at long-
er lead times (cf. Fig. 2B). Going back to Fig. 1, we have plotted in
magenta and for the 114 epochs t* = 1§ +qd*,q = 1,...,Q used in
obtaining Fig. 3, the corresponding outputs, x(¢* + t,6* x,+; %),
with % € §).. The red dots are for the outputs driven by all
the elements of &, with no selection of a subset &..

Clearly the PNF predictors (magenta) form a substantially
smaller cluster than the EMR predictors (red cluster): The red
outliers correspond to the strongest response and are associated
with the worst forecasting skill. We observe furthermore in Fig. 1
that the magenta cluster is located within the linear-response re-
gime, fairly close to a slope of about 0.8, but relatively far from
the origin, for almost all initial states.

This result illustrates three facts: (i) Our LFV-conditioned
PNF method selects snippets that correspond to small enough
perturbations of the future noise realization {¢;: t* <t < + T},
and are thus associated with a pathwise linear response of the
system; (i) still, this method does not provide paths that are close
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enough, in general, to ¢, in order to allow one to recover the sys-
tem’s actual future evolution; and (jii) certain extreme episodes
are relatively well captured. Note, however, that we used here a
relatively rough version of the PNF method, because the purpose
was just to demonstrate the usefulness of considering past noise
in forecasting future system evolution.

Concluding Remarks

In this article, we have developed a forecasting method for dyna-
mical systems that exhibit (7) oscillatory LFV modes and (i) noise
effects. The method relies on the use of an empirical stochastic
model in which a path of the noise is estimated over a finite-time
window. This method uses only information from past observa-
tions, and it was illustrated by using an EMR model of ENSO.
We showed that the domain of validity of such a method depends
strongly on the nature of the system’s pathwise response, and that
this response is both weak-to-moderate and linear at finite times
for the model at hand; see Figs. 1 and 2. The fact that even the
“approximately right” noise can help, rather than hinder, predic-
tion is surprising, to say the least.

The forecast skill of the method was evaluated in terms of
rms error RMS and anomaly correlations Corr, for lead times
of 6-16 months, against a currently operational method, the stan-
dard EMR prediction. The latter has been tested over the last 5 yr
against 15 dynamical and another 7 statistical methods, and has
proven quite competitive at lead times of 6-12 mo, in the context
of ENSO prediction at the International Research Institute for
climate and society (IRI), http://iri.columbia.edu/climate/ENSO/
currentinfo/.

The PNF method seems to improve on the EMR method at
12 mo and beyond (Figs. 3 and 4). Further improvements seem
possible and include use of multivariate, rather than univariate,
SSA, and better criteria for choosing the most appropriate weath-
er noise by LFV phase. These practical aspects—along with the
very intriguing theoretical ones associated with the method’s ba-
sic concepts—could present interesting topics for future studies.
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SI Text

Singular Spectrum Analysis (SSA). SSA is essentially a form of prin-
cipal component analysis in the time domain: It extracts informa-
tion from short and noisy time series without prior knowledge of
the dynamics generating the time series (1). For a centered and
normalized time series {x;: 1,...,N} and a maximum lag (or win-
dow size) M, we construct an M x M lagged covariance matrix C,.
This matrix has Toeplitz form (i.e., each diagonal has constant
entries that correspond to equal lags)

1 g
cf:N—ijixi+j’ O<j=M-1L [S1]
=

other formulae have also been proposed to estimate the entries of
C, (1, 2).

The M eigenvalues 4, of this M X M matrix and its eigenvec-
tors, called empirical orthogonal functions (EOFs), are computed
and sorted in descending order of the variances 4 associated with
each EOF. The kth principal component, PC,, is given by

M
ak = ZXHJEJI‘C’ 0<i<N-M. [S2]
j=1

Each PC; haslength M — N, but the so-called reconstructed com-
ponents (RCs) (3-5) are given by

1
= g 2 Al
J

KEF M<i<N-M+1. [S3]

Mz

1

and each RC; has length N; formulae for xf‘ near the endpoints
(ie., for 1 <i<M and N-M <i<N) are given in refs. 1
and 5.

Most of the variance is typically contained in the first few RCs
and the remaining RCs contain mostly noise. SSA decomposes a
time series into modes that are robust to reasonable changes in M
or N and those that are not. The former usually contain one or
more pairs of high-variance RCs—with nearly equal 4,—that cap-
ture oscillatory modes with periods less than M; often there are
also one or two high-variance RCs that contain variations with
periods greater than M. These “aperiodic” RCs may be charac-
terized as “nonlinear trends,” while the pairs of EOFs associated
with the oscillatory behavior are data-adaptive “sines and co-
sines.” The RCs that are not associated with either the trend
or the oscillatory behavior—whether of noisy or not-so-noisy ap-
pearance—are usually not robust.

SSA is particularly well suited for the analysis of time series
that exhibit nearly periodic, oscillatory behavior in the presence
of phase or amplitude modulation; it provides a robust method to
identify and reconstruct statistically significant modes of low-
frequency variability (LFV). To avoid smooth-looking but spur-
ious oscillations that might arise from finitely sampled noise pro-
cesses, a statistical-significance test against red noise is performed
by comparing the projection of the data onto a given EOF with
the corresponding projections of a large ensemble of red-noise
surrogates (1, 6). The SSA method’s ability to extract robust,
albeit modulated, oscillations was used to help determine the
phase of noisy time series in the PNF method, as described
further below in the present SI; it also played a key role in the
study of phase-locking phenomena between the North Atlantic
Oscillation and Mid-East temperatures and precipitation (7, 8).

Chekroun et al. www.pnas.org/cgi/doi/10.1073/pnas.1015753108

Empirical Model Reduction (EMR). Methodology and the two-level
EMR-ENSO model. EMR models are obtained by constructing a
hierarchy of time-dependent, nonlinear, and stochastically forced
inverse models to describe the dynamics underlying a time-
evolving spatial field (9-13). In EMR, multiple polynomial re-
gression is used to estimate the deterministic propagator of
the dynamics, as well as “warm-colored” additive stochastic for-
cing, directly from the observations or from a reanalysis dataset.

More precisely, consider N regularly sampled observations of
the state vector x(f) = {x;(¢): j = 1.....J}, t = 1.....N. Here x(¢)
is obtained by carrying out a principal component analysis in
the spatial domain or in the phase space of a much higher-
dimensional state vector X(f) and projecting this dataset onto
its J leading principal components. If we consider quadratic
nonlinear terms only, the main level of the EMR equations for
modeling the increments Ax; is given by

Ax; = (Nyxpe + Li(jo)xj + F;)At +ry;At. [S4]

Multiple linear regression is applied recursively to find coeffi-
cients Ny, ij , and F; that fit the predictand variables Ax;.
The regression residuals r(; define the time-dependent stochastic
forcing; in practice, these residuals are not white—as is often
assumed in other inverse modeling methodologies—but have
long-tailed autocorrelations. Additional, linear model levels are
then included to simulate this correlated noise recursively, by

using state-dependent coefficients. The increments Ary,
Ar; = by(x,rg,....17) At + 17, A, [S5]

are obtained for 0 </ < L — 2 with b, the estimated linear opera-
tor, and the number L of levels is chosen so that the stochastic
forcing at the last level, r; _;, is well approximated by a spatially
correlated white-noise process.

The number of variables—as well as the order of nonlinearity,
which can be higher than quadratic—is determined by optimizing
inverse model performance (13). Table S1 below illustrates the
fact that—for the leading two PCs (x;, x,) of the sea surface tem-
perature (SST) field used in this paper—the residual noise & of
our two-level EMR-ENSO model is essentially indistinguishable
from white; here & = r; in the notation of Eqgs. S4 and S5—i.e.,
L = 2. Recall that ¢, in the EMR formulation is to be understood
as an approximation over the sampling interval Az of d¢, in Eq. 1
of the main text. The table lists the first five lagged autocorrela-
tions of & for PC, and PC,, along with those of its reshuffled ver-
sion ¢, of &, used in Fig. 3 of the main text (green solid in Fig. 3 B
and C). R

The lagged correlations of & and & in the table indicate that
neither is truly white: They both have signs that are distributed
randomly and magnitudes that fluctuate between roughly 0.01
and 0.1, again rather randomly. We conclude that both &, and &,
are quite reasonable approximations of finitely sampled white-
noise realizations. The failure of the PNF method when using
&, rather than &, is thus mainly due to the fact that &, gives rise
to large perturbations when its segments are selected at inap-
propriate phases of the LFV and not to the changes in the auto-
correlations of the residual noise when reshuffled.

The EMR approach has been successfully applied to tropical
SST variability on the seasonal-to-interannual time scale (9). Our
EMR-ENSO model captures essential nonlinear aspects of
ENSO development, such as the observed asymmetry between
the statistical distribution of warm El Nifo and cold La Nina
events. The estimated noise plays an important role in driving
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ENSO events; this role is due, at least in part, to the non-normal
growth of small perturbations (9, 14).

Our EMR-ENSO model, in and of itself, has been successfully
applied to ENSO prediction; see real-time ENSO forecasts
by EMR among the plume of dynamical and statistical models
from the International Research Institute (IRI) for Climate
and Society, http://iri.columbia.edu/climate /ENSO/currentinfo/
modelviews.html.

Low-frequency ENSO modes of variability are captured in
the EMR-ENSO model as damped oscillatory eigenmodes of the
linearized dynamical EMR operator; these are also known as
empirical normal modes (15) and are excited by the noise, as well
as by the interaction with the seasonal forcing. The interannual
modes identified by EMR are in good agreement with those
described by SSA, in particular with the two dominant modes of
ENSO variability, the quasi-quadrennial (QQ) and quasi-biennial
(QB) modes (1, 9, 16).

EMR as a non-Markovian model. It is possible to rewrite a multilevel
EMR model as a single equation that involves time-lagged values
of x; and ry;; the resulting equation is similar to a multivariate
version of an autoregressive-moving average (ARMA) model.
There are two key differences with respect to standard ARMA
models: () We do allow here for nonlinear dependence; and
(if) the multilevel EMR structure for modeling the noise allows
one to capture feedback between high- and low-frequency com-
ponents of the variability, thus parameterizing the “fast” motions
(often referred to as the “noise”) in terms of the “slow” ones (the
“signal”).

To illustrate this feature of EMR methodology, consider the
following stochastic system that represents the simplest EMR
model:

dx = f(x)dt + rdt, dr = (yx—ar)dt +dW,; [S6]
stochastic differential equations are understood throughout the
present SI in the It sense, W, is a standard Wiener process, f
is a nonlinear function, @ > 0, and y € R. In Eq. S6, x is the slow
variable and r is the fast one; it is the latter that we want to para-
meterize.

If we integrate the r-equation in Eq. S6 fromry € R att =0,
we obtain, for a fixed realization w € Q:

t
r(t; w) = e~%ry + y/ e =S)x(s)ds + W (w).
0

The latter yields, when substituted into the x-equation in Eq. S6,
the following randomly forced integro-differential equation,

= f() + e +y / ‘e atSx(s)ds + Wi(w).  [ST]
0

In the particular case of ry =0 and f(x) = —fx, with > 0,
Eq. S7 is a modified version of the so-called generalized Langevin
equation, in which the Wiener process W is the forcing, instead of
the “white-noise process W,” as in the classical formulation. A
change of variables in the convolution product that appears in
the integral of Eq. S7 clarifies then, in a continuous-time frame-
work, the analogy with an ARMA model.

Formally Eq. S7 is equivalent to the system S6, and we deduce
therefore that the dynamics of x(¢) in the latter system is in fact
non-Markovian and depends on the past history of x. This
observation can be extended to the general form S4 of EMR
models and the general situation will be presented and discussed
elsewhere. EMR methodology thus assumes, in a sense, that
the slow motions—captured by the reduced variables—are
non-Markovian. The delayed-oscillator theory of ENSO, in
particular, relies on such an assumption (17, 18).

Chekroun et al. www.pnas.org/cgi/doi/10.1073/pnas.1015753108

From a theoretical point of view, if we assume furthermore
that x(¢) is the observed macro state of the system S6—i.e., it
is an observable of this system—one may note the analogy
between Eq. S7 and the general evolution equation of any obser-
vable within the Mori-Zwanzig formalism; see equation 2.7 in
refs. 19 and 20. Both are given by random integro-differential
equations, with the integral part equal to a convolution between
the macro-state evolution and the effects of the unresolved vari-
ables; the latter are expressed here by the exponential term in the
integrand of Eq. S7.

Further links between EMR methodology and model reduc-
tion strategies using the Mori—-Zwanzig formalism will be pursued
elsewhere.

The PNF Method for the EMR-ENSO Model. A detailed illustration of
PNF skill. We refer to the main text for the notations, as well as the
description of the PNF method. Fig. S1 here illustrates the meth-
od’s main features, for a particular epoch #* at which the numer-
ical predictions of PNF (K = 2, A = 5) are particularly good.

In what follows, we refer to the equations in the main text by
numbers in square brackets. The red curve in Fig S1 is the PC; of
the actual observations from t* — A to t* + T, where T = 16
months. The heavy blue curve is the PNF(2,5) predictor from
t*—obtained by Eq. [7] applied to the first component, x;, of
the EMR state vector x, as the mean over the cyan curves; these
curves are given by x; (t* 4+ £,1* x,+;¢%), for K =2 and A =5 in
Eq. [5]. The dashed blue curve is the prediction given by the
EMR model’s mean over a large number n of realizations,
n =~ 600. The green curves represent segments of length A =5
months of RCg_,—as selected from the set 77, (a,8) according
to Eq. [5], with @ =0.5 and f = 0.04—and continued up to
i + A+ T. In magenta are the corresponding x; forecasts asso-
ciated with the green segments—i.e., given by x, (4; + £.4;,%,;¢"),
with t; € 7;,—while in black is RC, of PC, for A months prior
to t* and T-months after ¢*.

The discrepancy between the magenta curves and the cyan
curves clearly demonstrates the subtle relationships between
the three main ingredients used in the PNF method: (i) the phase
of the LFV variability, used in the selection of the noise segments;
(i) the actual realization of the noise forcing; and (iii) the initial
state of the EMR state vector. The two sets of curves are similar
with respect to the first two ingredients, but their initial states
differ significantly from one set to the other. As a result, the
predictive skill of the magenta forecasts is clearly poor when
compared with the cyan ones, the latter having been obtained
by the PNF method.

The role of the K and A parameters. In Fig. S2, we illustrate the
dependence of the skill of the PNF method with respect to
the number A of months over which the analogues in the time
series of the RCy of PC, are selected, according to the criteria
of Eq. [5] as well as the dependence on the choice of K leading
RC’s considered to do this task. In this figure, a curve labeled for
instance PNF(2,5) corresponds to a selection of noise segments
based on the proximity—in RMS and Corr—to the most recent
history over t* — A <t <t* of RCg_, over a sliding window of
size A =5 months.

The ordering of the skills for PNF (K,A) as applied to the
Nino-3.4 index in Fig. S3 is comparable with the one obtained
for Nifo-3. For instance PNF(6,2) and PNF(4,3) perform better
than PNF(2,5) at 5 months, but PNF(2,5) gives clearly the best
results at 12 months and beyond; see also Fig. 3 in the main text.

Statistical-significance test. We present here a statistical-signifi-
cance test for the PNF(2,5) method on a longer validation period
than in the main text. To do so, we used synthetic time series
obtained from EMR-ENSO model simulations. For these simu-
lations, the EMR-ENSO model was trained on the same time
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interval of Ty = 585 months (January 1950-September 1998) as
in the main text (21). Next, however, a 100-year-long control run
of this model was obtained, driven by spatially correlated white
noise. The control run was then divided into two 50-year portions:
50 years for noise-snippet selection and 50 years for PNF vali-
dation.

The results for the longer validation period of 7% = 50 years,
using the synthetic EMR-ENSO time series, are plotted in
Fig. S3. These results clearly confirm the improvement in PNF
(2,5) forecast skill over straightforward EMR forecasting, in both
Corr and RMS skill; they should be compared with the results
shown for PNF(2,5) in Fig. 3 B and C of the main text, respec-
tively. The latter skill scores could only be evaluated for Ty = 10
years, by using the available observations. The SI results here also
demonstrate that the PNF method can work quite well when the
driving noise of the model it uses is white in time, rather than
weakly autocorrelated, as in the main text.

The extended validation test illustrated in Fig. S3 here also
confirms that selecting appropriate past “weather” episodes that
match the “climate” phase at time ¢* from which a climate pre-
diction has to be made can markedly improve the prediction skill
over that provided by large-ensemble averages of a stochastic
model fitted to the same data. Provided, that is, that the model
on which the PNF method operates exhibit a linear pathwise
response on time scales that are comparable to or exceed the pre-
diction lead time 7. The latter condition was shown to hold for
our EMR-ENSO model in Figs. 1 and 2 of the main text.

Further improvements in PNF prediction are possible by using,
for instance, not just PC1 of the dataset, which captures mainly
the QQ mode of ENSO, but also PC2. The latter contains sub-
stantial QB variance, and it is—as previously stated—mainly the
positive interference of the two oscillatory modes, QQ and QB,
that yields large events of either warm, El Nifo or cold, La Nina

type (1, 9, 16).

The PNF Method for a Toy Model with White Noise. The purpose of
this section is to further document the fairly surprising properties
of the PNF method, in as simple a setting as possible. The model
we use is a stochastically and periodically driven version of an
ecological model, the Holling model (22). This version has three
key properties: (i) It is nonlinear and stochastic but does not
belong to the class of EMR models; (i) it is forced by white noise,
thus emphasizing that the PNF results in the main text are not due
to the presence of any sort of memory in the stochastic forcing;
and (i) it can be subjected to an easily reproducible battery of
numerical tests. We shall see, in effect, that the skill in the PNF
forecasts is due, instead, to the model’s LFV and to its pathwise
linear response as described in the main text.

The deterministic Holling model. The Holling model (22) deals with
predator—prey dynamics and assumes, specifically, that predators
seek patches that offer enough prey to be worthwhile; it differs,
therewith, from the classical Lotka—Volterra model (23-25),
which assumes basically that consuming prey does not interfere
with searching for it. The original Holling model (22) is governed
by two autonomous ordinary differential equations:

XX . XX
_— Xy = —MX, + ¢ ; [S8]
a—+x a—+Xx;

)51 :rxl(l —Xl)—C

it has served to study, in particular, the so-called “paradox of
enrichment” in mathematical ecology (26, 27).

In this model, x; and x, represent the prey and predator
populations, respectively, in terms of the numbers of individuals
or of suitable and equivalent measures of their density or bio-
mass. The preys obey logistic growth in the absence of predators,
with an exponential growth factor r at low densities. The parameter
m denotes the predators’ death rate per capita; c is the maximum

Chekroun et al. www.pnas.org/cgi/doi/10.1073/pnas.1015753108

harvest rate of each predator, while « is the half-saturation con-
stant, namely the density of prey at which the predation rate is
half the maximum; all of these parameters are positive.

The classical, two-variable Lotka—Volterra model (23-25) is of
Hamiltonian type, while the Holling model of Eq. S8 is
dissipative—i.e., volumes contract in phase space. The original
Holling model thus exhibits either a globally stable equilibrium
or a globally stable limit cycle. Note that more elaborate Lotka—
Volterra models, with a larger number of variables, may also
exhibit dissipative as well as Hamiltonian dynamics, depending
on the interactions between these variables (28, 29).

The parameter-dependent attractor set of Eq. S8 can be
derived by multiplying this equation by @ + x; and scaling the time
according to df = (a+x,)dr. The differential equations so
obtained are:

X =rx(a+x)(1—x) —cxpx,

Xy = —maxy + (¢ — m)xx; [S9]

here the unknowns are still denoted by x; and x, and x now
denotes the derivative of x with respect to 7.

It can be shown that system 9 is orbitally equivalent to the
original system 8 for x; > —a; i.e., the phase portraits of the two
systems are qualitatively the same in this range. It is then easy to
prove that system S9 undergoes a supercritical Hopf bifurcation
from the nontrivial equilibrium E,, given by

am  ra am
c—m'c—m c—m
to a limit cycle, as the parameter o crosses from above the critical
value a* = (c —m)/(c + m), while the other parameters r > 0

and ¢ > m > 0 remain fixed (30). The frequency  of the oscilla-
tions that emerge at a* is then given by

_rc?m(c—m)

(@) (c+m)

[S10]

A stochastically driven Holling model. In spite of very substantial
observational, theoretical and modeling studies of ENSO-related
phenomena and processes, several competing mechanisms for the
generation and maintenance of this variability still coexist; see
ref. 31 for a review and refs. 17 and 32-34 for some complemen-
tary points of view. In one of these approaches, it has become
fairly common, in modeling the contributions to ENSO variability
of noise-sustained oscillations, to add multiplicative noise to
the bifurcation parameter, just ahead of the Hopf bifurcation
(34-36).

Another possible mechanism of ENSO variability relies on the
idea of non-normal modes being triggered and sustained by noise.
Such modes are present in the nonlinear EMR-ENSO model of
ref. 9 as well as in the linear inverse model of ref. 37. We chose to
study here an even simpler version of the latter mechanism by
introducing the following periodically and stochastically forced
version of the Holling model (S9):

dxy = {rx(a+x)(1 =x) — cx1x, + a sin(2xft) }dt
+ of{rx(a +x)(1 —x;) }dW,,

dx, = {—maxy + (c —m)xx, }dt. [S11]

This model could, in fact, be used to analyze the multiplicative
perturbation of its Hopf bifurcation parameter o as well; we leave
such a study for future work.
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The stochastic term o{rx;(a+x;)(1 —x;)}dW, in Eq. S11
represents instead a random perturbation of the parameter r
by white noise. When considered separately, the effects of this
term lead to a random perturbation of the equilibrium E, for
a>a" and to a modulation of the emerging period, given by
Eq. S10, just after the Hopf bifurcation—i.e., for a < a*.

The preys x; are also assumed to exhibit a seasonal variation—
due, for instance, to migration effects—as modeled by the pre-
sence of the deterministic, additive forcing a sin(2zft). This
periodic forcing is mathematically similar to that of our EMR~-
ENSO model, in which a seasonal cycle is also present. Otherwise
the modified Holling model of Eq. S11 is clearly distinct from the
class of EMR models, as described by Eq. S6.

Numerical formulation and LFV. We integrate the system Eq. S11
from ¢ = 0 to t = Ty = 2,000 (in dimensionless units) by using
a stochastic Euler—-Maruyama scheme with step size At = 0.1,
in the context of the Itd calculus (cf. ref. 38). The values of
the parametersare 6 = 0.3,m =r =1,c = 1.5,a = 0.3,a = 0.05,
and f = 0.25, while the initial state is (x;(0)x,(0)) = (0.5,0.5).
For these parameter values, a* = 0.2 and so a = 0.3 > a*; hence,
when both periodic forcing and noise are absent, the model has
only one globally stable equilibrium.

In Fig. S4 A and B, respectively, we plot the autocorrelation
functions for these parameter values, without and with multipli-
cative noise forcing. When turning on the periodic forcing, with
amplitude a =0.05 and frequency f =0.25, but no noise
(Fig. S4A), the system exhibits only one periodic orbit of period
4, which is globally stable. In the presence of noise, though
(Fig. S4B), a low-frequency mode of period equal to approxi-
mately 25 units—i.e., a frequency f' = 0.04—becomes dominant,
while in Fig. S44 it is rapidly damped and is visible only during
the transient that leads up to the unique attracting periodic orbit.

When the noise is turned on, ¢ = 0.3, the SSA spectrum in
Fig. S5B shows that this mode becomes clearly the more energetic
one: Its variance lies within a broad band of frequencies that rise
above a 99% confidence limit against the null hypothesis of red
noise. It is this band that is responsible for the frequency mod-
ulation observed in the corresponding autocorrelation function of
Fig. S4B; its presence is due to damped non-normal modes that
are maintained by the noise.

This behavior is reminiscent of the non-normal modes trig-
gered by noise that have been advocated as a possible mechanism
of ENSO variability. Such modes are present in the nonlinear
EMR-ENSO model of ref. 9 as well as in the linear inverse model
of ref. 37. When applying SSA to the prey population x, with a
window width of 30 units, RC, captures the above-mentioned
low-frequency mode with f' = 0.04, which contains in fact most
of the variance of x,, as illustrated in Fig. Sé.

Numerical PNF results for the toy model. The periodically and
stochastically forced system 11 thus exhibits interesting LFV with
frequency f' = 0.04 < f, where f = 0.25 is the forcing frequency.
It is easy to check numerically that this system also exhibits a
pathwise linear response, in the sense described in the main text.
We thus have at our disposal a simple and still quite rich model to

. Ghil M. et al. (2002) Advanced spectral methods for climatic time series, Rev Geophys,
40:1-41.

. Broomhead DS, King GP (1986) Extracting qualitative dynamics from experimental
data. Physica D 20:217-236.

. Ghil M, Vautard R (1991) Interdecadal oscillations and the warming trend in global
temperature time series. Nature 350:324-327.

. Vautard R, Ghil M (1989) Singular spectrum analysis in nonlinear dynamics, with ap-
plications to paleoclimatic time series. Physica D 35:395-424.

. Vautard R, Yiou P, Ghil M (1992) Singular-spectrum analysis: A toolkit for short, noisy,
chaotic signals. Physica D 58:95-126.

. Allen MR, Robertson AW (1996) Distinguishing modulated oscillations from colored
noise in multivariate datasets. Clim Dyn 12:775-784.

N

w

IN

6]

o

Chekroun et al. www.pnas.org/cgi/doi/10.1073/pnas.1015753108

test the prediction capabilities of the PNF method against a
brute-force, ensemble-mean forecasting approach.

The white-noise assumption in formulating Eq. S11 gets rid of
any source of memory that could come from the stochastic for-
cing and could obscure the origin of the PNF method’s skill. As in
the main text, the selection procedure of the “snippets” here is
based on the phase of a smoothed version, as determined by SSA
prefiltering, of the time series in which the LFV modes are most
energetic, namely x, in this model. At this stage, the LFV plays a
fundamental role in defining similar phases of the time series,
while the model’s linear pathwise response guarantees that its tra-
jectories are not too sensitive to a change in the realization of its
forcing, at least over a reasonable lead time.

The latter property is essential, because the selection proce-
dure of the snippets will always introduce deviations with respect
to the actual path of the noise. Linear pathwise response guar-
antees that this deviation will behave linearly with the “distance”
between the selected snippets and the actual path. Even so, de-
pending on the slope of this linear response, large deviations—
i.e., prediction errors—may still occur.

For consistency with the ENSO predictions in the main text, we
will be interested hereafter in the prediction of the anomalies x§
and x§ of the population variables x; and x, given by Eq. S11,
where the superscript (-)¢ refers to fact that these anomalies
are centered—i.e., they have zero mean. Obviously, the PNF
method performs similarly for centered or noncentered data:
One just has to add the mean back in.

We describe now the technical details of the PNF method used
to predict future trajectories of the system Eq. S11. This method
is based on the phase analysis of an SSA-smoothed version of the
x5 anomaly—namely, of RC,, which has period 25 and is the more
energetic mode of variability inx§. This choice is analogous to the
choice of PC; for our EMR-ENSO model, where the QQ mode
was the more energetic one in PC,. The parameter A is set equal
to 3, which represents 3/4 of the forcing period, while the lead
time ranges from 1 to 10.

Skill is reported in Figs. S7 and S8, while the validation interval
and other technical details are given in the figure captions. The
results clearly demonstrate the superiority—in terms of both
correlation coefficient Corr and RMS error—of the PNF method
in forecasting x§ against a large, brute-force ensemble of fore-
casts, for lead times longer than 4, i.e., longer than the forcing
period.

The PNF method beats ensemble prediction (ENS) for both
predator density anomaly x§ and prey density anomaly x{, but
the gain in forecasting the predator anomalies is much more sub-
stantial. This difference is clearly due to the fact that the snippets
were selected based on the smoothed version of x§ alone. Unlike
in the EMR-ENSO model analyzed in the main text, x5 does not
contain most of the covariance of the vector (x{x5): the overall
variance here is more evenly distributed among x; and x,, and is
actually rather larger in x§ (cf. Fig. S8). Extension of the present
PNF method to one that would deal with LFV distributed
over several energetic PCs is under investigation, as pointed
out in Concluding Remarks of the main text.
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time t* = 0. The colors of the trajectories are explained in S/ Text.
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Principle of the PNF method: The time t* at which we start forecasting is indicated by the vertical dashed line. All the time series here are centered at
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Nifio 3.4 Prediction skill, 2000-2009
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Fig. S2. Skill comparison between PNF(K,A) methods as applied to the Nifio-3.4 index; the legend is explained in S/ Text. (A) Correlations Corr between
forecast and validation; and (B) rmsd between the two.
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Fig. S3. Skill comparison between EMR predictions and PNF(2,5) predictions in (A) PC1, and (B) Nifio-3 SSTs. The validation interval here is T} = 50 years long,
with 50 - 12 = 600 monthly values of t* taken in the interval to make a 16-month prediction out to the respective t* + T; these predictions are made according
to either the PNF method or by using a large ensemble average of the EMR-ENSO model. The qualitative improvements obtained by the PNF(2,5) method are
independent of the model trajectory used as reference in the validation procedure.

Autocorrelation function of X, when 6=0
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Autocorrelation function of X, when 6=0.3
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Fig. S4. Autocorrelation functions of the predator population x, in system 11: (A) without noise, ¢ = 0; and (B) with noise, ¢ = 0.3. In B, the dominant mode
corresponds to a broad-band peak, located at a frequency f' = 0.04, which stands out above a 99% confidence interval; see Fig. S5.
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SSA spectrum of X, for =0
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Fig. S5. SSA spectra for the periodically forced system 11: (A) without noise, ¢ = 0; and (B) with noise, 6 = 0.3. In A, the only mode of variability is due to the
periodic forcing, f = 0.25; in B, the dominant mode of variability is located at ' = 0.04 and it rises above a “red pair”; see ref. 6.

Low-frequency variability: Xx,—component
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Fig. S6. Time series of the component x, (black) and its SSA reconstruction given by RC, with the mean of x, added (cyan); RC, has a dominant period of 25
(nondimensional units) and captures most of the variance in the prey population x,. This mode is responsible for the LFV present in the signal.

Corr RMS
A 1.2 u 1 T
x;-PNF B

11F x°—ENS |1 0.9

-—-="
C

_ X-PNF|] 08

xS-ENS

-—=

09} 0.7
0.8} 0.6
07} 05
0.6} 0.4
C
05} \ 03 —— X ~PNF
Y — _ _X-ENS
0.4} NN 02} . i
- —
. — X-PNF
03¢ Moo otf XC-ENS ||
< -=="2
02 : 0 :
0 5 10 0 5 10

Fig. S7. Skill comparison between ensemble predictions (ENS) and PNF(2,3) predictions for version 11 of the Holling model; the ensemble has N = 2,000
members: (A) Corr, and (B) RMS. The validation interval is T = 590 units long, from 1,400 to 1,990, with 5,900 values of t* issued in steps of At = 0.1 throughout
the interval, to make a 10-unit prediction out to the respective t* + T. The snippets are selected in the interval that extends from t =0 to t = 1,400. The
variables predicted are the anomalies x{ and x5 of the prey and predator densities, x; and x,, respectively.
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Fig. 8. Comparison between ensemble predictions (ENS) and PNF(2,3) predictions in the time domain: (A) for the prey density anomalies x§; and (B) the
predator density anomalies x5. This plot shows clearly the superior skill of the PNF(2,3) method—for both variables but especially for xX;—when compared with
brute-force forecasting with a large ensemble. The lead time T in this plot is T = 8.

Table S1. Autocorrelations at successive lags of residual noise & and its reshuffled version &,

PC, PC,
Lag & & & &
1 —0.0099 -0.0133 —0.0032 —-0.0266
2 -0.1334 0.0049 -0.1289 -0.0199
3 -0.1043 0.0019 -0.0016 0.0679
4 0.0241 —0.0441 0.0025 0.0042
5 0.1177 0.0034 -0.0373 0.0111

The first five integer lags, in unitsof t = nAt; n =1,...,

5, with At = 1 month, are listed here for the first two PCs

of the SST anomaly field; these two capture about 82% of the total variance of the field.
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